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Optimal H., Event-Triggered Control for Markov
Jump Linear Systems Based on Actor-Critic
Q-Learning Approach

Zhaowen Xu", Member, IEEE, and Zheng-Guang Wu

Abstract—In this paper, the optimal #{. control problem is
investigated for a class of Markov jump linear systems, under
event-triggering mechanism. To this end, a two-player zero-sum
differential game-theoretic problem is formulated and a mode-
dependent event-triggered version of Hamiltonian function is
established and compared with its time-triggered counterpart.
Based on this, the corresponding triggering event is given to
ensure the stochastic stability of the considered system with a
predefined H ., noise attenuation level index and the existence of a
saddle point for the defined cost function is proved. The difference
in the optimal cost between the time-triggered case and the event-
triggered one is also shown. Further to derive an online solution
without the full knowledge of the system model, a Q-learning
framework is adopted to approximate the optimal cost and the
optimal event-triggered control law combined with an actor-
critic network. The error dynamics of the learning algorithm are
analyzed and the convergence is proved. The stochastic stability
of the resulting closed-loop system is also confirmed. Finally,
a numerical example is given to show the effectiveness of the
proposed results.

Note to Practitioners—The wide applications of Markov jump
system have gained its reputation in modeling systems with
random changes from internal structure or external parameters.
This work is motivated by the optimal . event-triggered
control problem for Markov jump system. Existing results are
mostly based on linear matrix inequality approach which is
strictly model-based and offline thus vulnerable to modeling
uncertainties. The optimality of the event-triggered controller has
rarely been discussed. In this paper we adopt a Q-learning based
actor-critic approach to perform the optimal #{., event-triggered
controller design with respect to a user-defined triggering condi-
tion. The stability of the closed-loop system is proved as well as
the convergence of the learning algorithm. It is data-based and
easy to be implemented online without the full knowledge of the
system parameters. Examples are given in the end to demonstrate
the performance of the obtained results. In future research,
network-induced disturbances such as time-delays, malicious
attacks will be considered and discussed under the proposed
method.
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I. INTRODUCTION

ARKOV jump system (MJS) is a class of hybrid sys-

tems capable of modeling system with abrupt changes
either in system internal structure or external parameters.
It has been widely acknowledged in areas such as power
system, manufacturing process, network system [1], [2], [3],
[4], [5], [6]. Up to now much progress in control area has been
achieved, from fundamental control and filtering theory for
nominal MJS [7], [8], to stability analysis and control synthesis
when external disturbances or intrinsic modeling uncertain-
ties are considered [9], [10]. Also the asynchronous control
framework for the case of only partial mode information [11],
[12], [13] has been constantly discussed. However, the results
obtained are mainly based on the full knowledge of system
model. They need to be computed offline and are vulnerable to
uncertainties from system modeling error, which makes them
not applicable in complex and fast change scenarios with high
real-time demand like motion planning for autonomous driving
or for robots in manufacturing. Recently, the reinforcement
learning (RL) has been an intensively explored area [14], [15],
[16], [17], [18]. From the perspective of control community,
the word RL is interchangeable with adaptive/approximate
dynamic programming (ADP), as is put in [19] and [20].
It maps a relationship between optimal control policy and
system data with a given value function, which differs from
traditional model-based control methods. Motivated by the
efficiency of RL control design for unknown system, as well
as its optimal performance, RL has attracted considerable
attention in the field of MJSs in recent years. For example,
in [21] a transition-probability-free optimal tracking control
scheme for coupled MIJS has been proposed by utilizing the
integral RL. The stability and convergence has also been ana-
lyzed. In [22] the optimal regulation problem of the nonlinear
semi-MJSs is addressed with state and input delays in an
actor-critic neural network (NN) framework. The RL-based
resilient control algorithm is investigated for a class of MJSs
with completely unknown transition probability information
in [23]. The secure control problem for discrete-time Markov
jump cyber-physical systems with malicious attacks is studied
in [24] based on a proposed hybrid learning scheme. In [25],
the nonlinear MJSs are approximated by an identifier and the
optimal control problem is discussed and solved based on
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the adaptive dynamic programming technique. It can be seen
that the RL method shows a potential application for solving
control problems of MIJSs. Unlike deterministic systems,
the jumping parameter sampled from an underlying Markov
process may present additional challenges over a traditional
linear quadratic regulator control problem, which motivates
our present work.

On the other hand, in modern control systems the com-
munication channels are often shared with multiple sensors,
actuators and controllers. Limited resources of bandwidth and
energy will delay or fail the transmission of data. Event-
triggered control strategy provides a wise way to determine
the transmission of data based on a user designed triggering
condition, making it possible to achieve the decongestion
of network channels and energy saving for devices [26],
[27], [28], [29]. Although event control problem is often
discussed in the framework of reinforcement learning for
nonlinear system so as to make its applications wide [30],
[31], [32], there has been few reports on the optimal event-
triggered control analysis and synthesis of MIJSs. Usually
this problem is investigated under various scenarios with
the system model being as known a priori [33], [34], [35],
[36], [37] where a series of linear matrix inequalities are
involved. Yet the optimality of event triggered controller with
respect to user defined triggering condition is still an open
problem in the field of MJSs and has not fully been dis-
cussed, especially in the absence of the full knowledge of the
system.

In this paper, we aim to design a model free algorithm for
optimal event-triggered control of MJSs that can be imple-
mented online. The main contributions are summarized as
follows:

1) The optimal H. event-triggered control problem is
formulated for MJSs and tackled in this paper. A model-
based parallel iteration algorithm and a model-free
RL algorithm have been presented. Numerical examples
are given to illustrate the effectiveness of the obtained
results.

2) Compared with the works in [23], [38], and [39] where
partial system matrix is still needed for designing con-
trollers, here we utilizing a critic-actor network structure
to implement a Q-learning algorithm, such that the
control laws can be learned online and in a model-free
fashion.

3) Unlike the commonly used methods where the per-
formance index is optimized by solving a series of
constraints expressed in terms of linear matrix inequal-
ities (LMIs) [33], [34], [35], [36], [37], here the
optimality of the mode dependent event-triggered con-
troller with respect to the designed triggering event
has been discussed under a Hamiltonian-driven ADP
framework [26], and the difference of the optimal cost
between the time triggered case and the event triggered
one is also shown and proved.

Notations: The notations used throughout this paper are
standard unless otherwise stated. Some of the symbols that
easily cause confusion are listed in the following.
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NOTATION AND CONVENTIONS

A(A), AA) maximum, minimum eigenvalue of A

tr(A) trace of matrix A

RT set of positive real numbers

-1l Euclidean norm

||x||%e interchangeable with x” Rx for symmetric
matrix R > 0

® Kronecker product

by state of the considered system

X sampled state feedback signal

u control input in general

U control input in the time-triggered case

ug control input in the event-triggered case

) optimal value for (-)

Ot right limit of (-)

vech(A) half-vectorization of symmetric n X n
matrix A obtained by vectorizing the
lower or upper triangular part of A

D initial system state distribution

P initial mode distribution

L]0, o) space of square-integrable vector function
over [0, c0)

J infinite horizon cost functional

v mode-dependent optimal value function

T mode-dependent Hamiltonian function

E mathematical expectation operator

Z infinitesimal operator

II. PRELIMINARIES AND PROBLEM FORMULATION

Consider the following continuous-time Markov jump linear
system:
X1 = Ar(0))x(t) + B(r(0)u(r) + D(r(£))w(?)
xo~D,rg~p

(D

where x(f) € R" denote the system state. u(r) € R™ is the
control input, which shall be designed in this paper. w(¢) is
the external disturbances belonging to £;[0, c0). {r(¢),t > 0}
refers to a Markov process indicating the system operation
mode. It takes values in a finite set A" = {1,2,...,N}. The
transition probability is defined by

. . m;ih + o(h) i+
Prir(t+h) = jir =i} =3 " 2
{r( ) = Jlr(0) = i} | = mih+o(h) Q=] (2
where 7;; is the transition rate and satisfies Z?’zl i Tij = i

and m;; > 0. For notational convenience, the matrices associ-
ated with r(¢) = i will be written with a subscript i, say A(7(¢))
will be written as A;. Also the time tag ¢ is omitted where
needed if no ambiguity arises.

The initial distribution of ry is given by p = [pl 3025 s pN].
It is assumed that the states and the system modes are fully
accessible at any time. The expected signal to be evaluated is
set to be z(¢) with

E{llz(t)*} = B{x" Hix + u” Riu) 3)

where H; > 0 and R; > 0. Further we assume that
E)C0~D{-xg xo} > 0 and p; > 0. It shows that the covariance
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of the initial state is full rank and the initial operation mode
is arbitrary. As is put in [40], these assumptions are quite
standard for learning-based control and can be informally
interpreted as the persistently excitation condition. Before
further presentation, the following definitions are introduced
from [41] for later analysis.

Definition 1: For a given Lyapunov functional candidate
Vi (x(2)), its infinitesimal operator £ is defined as

LV (x(0) = lim E{V({ + 6lx(1), r0)} = Vi(x(1)) @
6—0 0

where V(i + 8|x(t), (1)) = Viggo)(x(t + 0)|x(0), r(f) = i).

Definition 2: The considered continuous-time Markov jump
linear system (1) with w(t) = 0 is said to be stochastically
stable if

Ex~Drop { / IIX(t)IIZdt} < oco. (5)
0

Definition 3: The considered continuous-time Markov jump
linear system (1) is said to have an H., noise attenuation level
index less or equal than vy, if it satisfies Definition 1 and the
following holds under zero initial condition with nonzero w(t),

E {/ ||Z(T)||2d‘l'} <y’E {/ ||W(T)||2d7'} ) (6)

For the purpose of addressing the H. control problem for
system (1), we consider the following infinite horizon cost
functional

l [es)
J(u, w; xo, 70) =Ex0~p,m~p{§ / (" H;x
0

+u"Riu-— yszw)dtg. @)

According to the zero-sum differential game theory [42], [43],
[44], we formulate the control input u and the disturbance w as
the two players. Then the ., control problem can be solved
if the feedback saddle point solution (u#*,w*), also called the
Nash equilibrium can be found such that

J", w"; xo, ro) = min max J(u, w; o, 7o) 3)
= max min J(u, w; xg, 1p). ©)]
w u

Now define the optimal value function starting from (x, i) as
Vix) = Ju',w"; x,0). (10)

Then the associated mode dependent Hamiltonian function can
be established as

HE(x, u,w, VY)

1 1 1

=2ZVi(x)+ ExTH,-x + zuTR,-u - §y2wTW
N

(Aix + B+ Dyw) + Y _ V()

J=1

_ aVl*T(x)
X

1 1 1
+ ExTH,-x + EuTRl-u - Eyszw. (11D
Since the considered system is linear, the optimal value
function V; can be represented as quadratic in the state, which
is

1
Vi(x) = ExTP,-x (12)

16215

where P; > 0 is symmetric. By employing the stationary
condition
6%()(:’ u,w, ‘/I*) — O 8%(}:, u,w, ‘/[*) —
ou ’ ow

the optimal control law « in the time triggered case and the
worst-case disturbance input w* can be obtained as

0 (13)

(14)

1

w=u"=-R7'B'Pix, w'= —2DiTP,-x
Y

where P; is the unique solution that solves JZ(x,u},w",

Vi) = 0, ie., the following coupled game algebraic Riccati

equations (CGARE:)

N
PA; + AiTP,‘ + Z]Tijpj + H;
i=1
P:BiR;'Bl +y7* TPi=0,ieN
— bk l—|—’y PiDiDiPi—O,IG . (15)
We are now in a position to introduce the event-triggering
mechanism, which has the potential to reduce the necessary
data transmission between the controller and the considered
plant. To this end, we first introduce a monotonically increas-
ing time sequence {f;};2,, denoting the event triggering time
instant. The state feedback signal can be written as

Yt € [t tiy1)
t=try.

wn )X,
=0 o,

Let e(t) = x(t) — X(t) be the error vector and ey be the
triggering event threshold which will be designed later. The
control signal is only updated when the triggering condition
lle|l < er is violated, which shows that

(16)

te = inf{tlt > 1 Alle|| > er}. a7

Here we utilize an event-triggered version of the afore-
mentioned game algebraic Riccati equation and present the
following event-triggered controller:

u; = -R;'B' P& (18)
then by comparing u; and u;, for system (1), we have |[lu;(x) -
wy(®I = IR;'B] Pi(x— )| < |IR;'B] Pillll(x— ®)II < Llle|| where
L = maxiex R, B Pl

Remark 1: The Hamiltonian of the event-triggered version
JG(x,u, w*, V) can be expressed in terms of the time trig-
gered case as

JE(x, uy, w", V")
1
= e uE, V) + (g W) Riul —uy)  (19)

by taking (14) and (18) into (11) and completing squares.
Bearing in mind that 6(x,u*,w*, V*) = 0, it follows from the
above that
1 -
H(x 1y, W', V) < L max AR;)lel . (20)
2 ieN
This reveals that the difference brought by the event triggering
mechanism can be measured through the state error e.
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III. MAIN RESULTS

In this section, the results on event triggering design are
presented and analyzed. The corresponding model-based algo-
rithm and model-free Q-learning based algorithm are both
given to solve the desired parameters. The convergence has
also been discussed in the end.

A. Event Triggering Mechanism Design

Theorem 1: Given a constant y > 0 and a positive definite
and radially unbounded function defined in (12) with P;,i € N
satisfying the coupled game algebra Riccati equation (15), the
closed loop system (1) with event-triggered controller given
by (18) is stochastically stable with a predefined noise atten-
uation level index vy as long as the event-triggered condition

2 ._ (1= B) minen A(H;)

2< = A 2
llell” < €7 Dmaxy 1)
(1 - B)miney AR,
. - ([ @21)
L* maXx;epn A(R;)

is satisfied where B.,B, € (0,1) are user defined constants.
Moreover, the control policy (18) is optimal in the event-
triggered sense and the optimal cost is given by

J(xo, ro; ug, w*) = J(xo, ro; ug., w*)

1 (o9
+ 3B { / s — u) R}y — ul)dt (22)
0

where J(xg, ro; Uz, w*) = EXOND,,ONP{ngme} is the optimal cost
for the time-triggered case.

Proof: Recall the time-triggered HIB equation and we have

%(.X, MZ, W*’ vl*) = 0

ie.,
V*T() N
o (Aix + Bu;, +Dw)+zln,]V(x)
J=
+1 H—i—l TR LTyt =0, (23)
2x X 2uL U, 2y w*

Hence for the value function when event-triggered controller
is used, we obtain its infinitesimal as

LVE(x)
VT (x) al
- (Ax—l—Bud—I—Dw)—ijlﬂ,jVj(x)
_ov” 1 1 1
ax(x) Bi(u; - )—ExTH x—zufTR u.+ 2y2 wTw*
l * * *
< 5 lleg = wyliz, - §||ud||R,. - §||x||H,. + §y2||w P
< EIIMZ —ujllz - Ellufglllzgi - 5(1 = Bllujllz,

1 1 1,
- EIIXIIZ,. - 5(1 = Bollxlly, + Eyzllw [&

using the fact x” P;B; = —u'R; and x" P;D; = w*Ty?. B, B, €
(0, 1) are user defined constants.

Now let us examine the stochastic stability under the case
of w* = 0. If the condition (21) holds, £V;(x) < —%,BX
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llxllZ;, — %,BMIIMZIII%I_, which further guarantees the stochastic
stability of the considered system by Definition 1.

Next we will show the optimality of the event-
triggered control policy corresponding to the designed event
condition (21) and the relevant cost compared with the time-
triggered one.

Since the value function V; can serve as a Lyapunov
function, we can rewrite the cost functional as

1 0
J(u, w; xo,10) = EEXOND,W{ /0 (" H;x
+u'Riu—y*wlw + LVi(x)dt + xoProxo}. (24)

By utilizing the discussions in Remark 1 and completing the
squares, we have

1 ° .
J(ug, w; X0, 1) = EEXO~D,,U~;,{ f =Y2lw = wl?
0

g — hllz, + e — Il )t + xoP,Oxo} (25)
which shows that
J(uy, w; xo,10) < J(uy, w'; xo, 7o) < J(ug, w*;s xo,19)  (26)

i.e., a saddle point exists and the optimal cost equals (22).

Algorithm 1 Optimal H., Event-Triggered Control by Using
Offline Parallel Iteration Algorithm
Step 1: Initialize a symmetric positive definite matrix
sequence {P;(0),i = 1,2,..., N}. Set event triggering param-
eters L,(,, B, according to Theorem 1.
Step 2: Let converged be a stopping flag and & be the
threshold. Do the following loop:
k=0
converged «— false
while not converged do
fori=1:N do

N

Hk)=H;+ Y mPik) 27)
j=1,j#i

Solve the following equation for P;(k + 1):

Pi(k + 1)(A; — S;Pi(k)) + (A; — S;Pi(k))" Pi(k + 1)

= —Pi(k)S iPi(k) — H;(k) (28)
with A; = A; + %1 and S; = BiR;'Bl — y*D;D
end for
if max;cnr ||P;(k + 1) — Pi(k)|| > € then
k=k+1
else
converged «— true
end if
end while

return: P; = Pik+1),i=1,2,...,N

Step 3: Substitute P; in (18) to implement the optimal
Ho event-triggered controller u;, with the event triggering
condition (21).
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Remark 2: The triggering event follows (21) and the con-
troller gain is used as the same as in the time triggered case.
We can use conventional parallel iteration algorithm [45] to
solve the CGAREs (15), which is shown in Algorithm 1, to
complete the event control design. It should be noted that
there are other optimal options for chosen controller gains
corresponding to different event triggering mechanism.

B. Q-Learning Based Actor-Critic Formulation and Learning
Algorithm

Since solving the CGAREs is tedous and the result is
vulnerable to system parameters, here a model free algorithm
is preferred. Under Q-learning framework, we define the fol-
lowing mode dependent Q-function Q;(x, ug, w) : R"™ — R+:

Q' (x, ug, w) = Vi (x)

+%('x’ud9w9 Vl*)_%(xsuz’W*s ‘/[*)9 iEN.

Keep in mind that JZ(x, u}, w*, V*) = 0, and the optimal time-
triggered cost can be written in the form V;(x) = %xTPix.
It follows from the definition of the mode dependent Hamilto-
nian function that this Q-function can be written in a compact
quadratic formulation regarding the state x, control u, and the
disturbance w as follows:

(29)

. 1 _.
Q' (x, ug, w) = EUTQ’U

L [0 e, .
— 1] 1] [
- EU ngdx iud u;lw U
wx 2wy QW
where U = [x” u}; w"]" and
N
Q; = P, + H; + P;A; +ATP,' + Zﬂijpj
=1
Q. =@, =PB,0\, =0, =PD;
f i = 0.0 =R, 0, =~y L

ugw = Wig
Applying the stationary conditions, we obtain an equivalent
expression for the optimal policies as

i o
ug =—(Q,,)" QuXs W' =-(Q,)" 0,.x.

Therefore by learning the action-dependent value function
instead of solving the CGARE, we can develop an online
learning algorithm of the controller gains where the knowledge
of the system model is not necessary.

Denote W. := Ivech(Q’) and the mode dependent
Q-function can be rewritten as

(30)

ieN
with Wi € Ra(utmtmoutnctnt1) js the jdeal weight. Denote
W. = [n : m] as the vector with elements abstracted from the

nth to the mth elements of W' and also define the following
indices

Qi(x,ul, w") = WU U, 31

e+ 1) (n+ 1
idx| = e ) (n, + ), idxy = i ) (e + 1) + n.ny,
2 2

ny(ne +1)

id)C3 = + nx(nu + nw)

2
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x\x 1 u(y 1
idxs = D 4 4y D
1 Wy + 1
idxs = @ + n(n, +ny,) + % + nyn,

1
idxe = E(nx + ny + ny)(ny +ny +n, + 1)
then we will have

vech(Q") := W1 : idx]
vech(QY,, ) = Wilidxy + 1 : idx,]
vech(Q' ) 1= Wilidx, + 1 : idx3]
vech(Q}, ) := Wilidxs + 1 : idxy]
vech(Q}, ) := Wilidxs + 1 : idxs]

vech(Q') := Wilidxs + 1 : idxs).
Note that the above weights Wi are ideal but unknown
for computing Q'(x, uy,w*). We use the weight esti-
mates W’ to establish the approximator Q'(x,u,w*) as
follows:

Yie N

A 1 . . . .
where Wi € R2(utntm)ntnctn+l By using a similar line,
an approximate solution #t; of u}; and the disturbance W for w*
can be approximated by:

Q'(x,u,w") = WU U), (32)

ig=WT2 ieN (33)
Ww=Wlx, ieN (34)

where W! e R™*™ and W
estimates.

Following the results on integral RL. method shown in [43]
and [46], we can write a mode dependent version of integral
Bellman equation for MJS in terms of Q' as

Q'(x(1), (1), W' (1))
— Q(x(t = T),uy(t = T),w'(1 = T)) =

€ R™ ™ are the weight

N

1 [ . X .
-3 / Il + e, = WP+ Y Vi) | dr
t-T .
J=1

where T € R™ is a very small fixed time interval during which
the system data is collected for learning. It is assumed in this
paper that during this fixed time interval the system mode
remains unchanged. In order to find the update law for the
critic, we shall define the following error e, € R

e. = WiT(U(I) ® U(1))
-WTUE-T)® U(t—T))

N

1 [ N * "
+ 3 / Ixliz, + Nitallz, =YW 1P + D Vi () | d.
2Jir =

(35)

From (30), the error e, € R™ for actor approximator and error
e, € R" for the worst case disturbance approximator can be
given by

ea =W+ Q)"0 % (36)
ey =Wlx+ Q)"0 x (37)
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where the values of Q'
from the vector W..
Now define the following squared-norms:

i i
e Qugx Oy and Q) can be extracted

1

Ei =3 lleII?
1

By =3 lleal®
1

Ey =3 llewl .

By applying gradient descent, the updating laws for Wéle
and Wﬁv with which the errors e, e, and e,, approach zero can
be given by

1 (9E1 a

W=t = cqo——el (39)
(1+0T0)” OWe (1+070)
Wi =0Vt € [t terr)
Wit = Wi = augriry 53 (39)
= W’ a“(lerTx) eat 1
W=yt 9B T T 40)

! e U356,
(1+ xTx)* Wi (1+xTx)*

where o := U(H)®U(1)-U(t-T)®U(t-T), and a., &4, a,, € RT
are user defined constant gains that determine the speed of
convergence of the approximations for the critic and the two
actors, respectively.

C. Stability and Convergence Analysis

In this subsection, the convergence of the updating laws
for the weight parameters and the stochastic stability of the
system state shall be analyzed. To this end, we first define for
the weight estimation errors:

Wi=W - W'

W, =-0,,,Q.)" - W,
Wi, = -0 Q)" - Wi,

Then the error dynamics can be written respectively as

(41)

L T ~
Wi= —ap— Wi 42)
(1 + O'T(J')
Wi =0, Vi € [t i)
T
Wit _ Y _ XX i7i
Wa' = Wa 0‘“(1 el (43)
ad Q)" 1=t
_aﬂ— xu, gl 4 =
(1 + xTx) d aUd k+1
L x_xT -~ T
W= o W~ O (O™ 40
Hence the closed-loop system dynamic becomes
X = Aix + Bi(— (Qud) ‘oL - WihHz
+ Di(—(Q) QL - Wi, t>0. (45)

Now we are in the position to examine the convergence
of the weight estimation errors Wi, Wi, Wi and the stochastic
stability of the system. The results are shown in the following
theorem.
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Theorem 2: Consider the closed loop system (45) and a
predefined noise attenuation level index v > 0. The critic,
the actor and the disturbance approximators are given by
(32), (33) and (34) respectively. The weight parameters W', W'
and W' in the critic network and actor network are updated
according to (38), (39) and (40), respectively. Then, the
dynamic of the closed-loop system (45) is stochastically stable
and the weight estimation errors defined in (41) converge as
long as the following event-triggered conditions are satisfied

(1 = B7) miniey A(H;)
4 (L? + L3) max;en AR))
(1 - B2) miniey ARy)
4 (L? + L}) maxjen A(R))
where Ly is a positive constant of unity order and the following
inequalities hold for the rest of the parameters:

2_ 2 ._
lle]|” < e :=

2
Il

lliall? (46)

maxiex’ ARLY +7° Q05,7 L @)
B2 minjenr A(H;) 2

2 g A(MMT) <0 (48)

4y

ayy,

v £ <0 (49)

SA(R;) -2

0 < a, Sen)m 2 50
<@ <M (50)

. > a,. (51)

Proof: First we consider the dynamics in [#, tyy1), i.e., the
case where event is not triggered. During this time interval,

% and W, remains unchanged. For dynamics of the rest of

variables, we define the following Lyapunov function: V : R" x
R%(n—i—m)(n-l—m-&-l) x RAXm _y R,

V= Vi) + V(W) + Vi (W), >0 (52)

where V;(x) is the optimal value function, V(W) = 1(|W|]?
V(Wi = L Wi ).

Along the dynamics of the closed loop real-time system (45)
in the time interval [t f;y), it follows from the analysis in
Theorem 1 that

.,?V = EHML - ud”R,‘ - 5””5]”%, - E’yZHW ||2

1 PP s
Y0 = Sl + W W+ {W;fwg} . (53)
Since the actor weights remain unchanged during [t, 1),
there exist a positive constant of unity order L; such that

IWil| < L;. Therefore it can be calculated by using Young’s
inequality for the cross terms that

% * *112
—|u,. —u s |17 )
2|| e — ugllr, 2|| ¥1ir

1-
< 5A(R,-)ule;lB,.Tp,-x -

= %E(R» |R' BT Pix— W (x+ )| - %4(&) llagl?

Lo 1 N
W I - FA(R:) lltall®

1 oy s 2 1 .
= SAR) [ W x = Wil e|* = S AR) lial?
< 2max AR)(L? + LD)lell?

. 1
max A(R)L2||x]I> = = min A(R)) ||l
+ max AR)Lilx|l" - 5 min AR;) ||
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and

1 * k A
= VWP )

1 . -
—yznw -l
<YW IR+ 1913 = ¥ (@) Q’ VI + YW x>,

Next, denote the signal M = ((TTJH)
M is persistently exciting over the interval [f,7+ T] with
ftt+T MMT"dr > oI, where o € R*and [ is an identity matrix of
appropriate dimensions and also that there exists M € RTsuch
that for all 7 > #o, max{|M|, |M|} < M. Then we can obtain

oW oo’ Wi
e (1 +0'Ta')2

< = @ AMMD|WIP.

| EPTEP S
= ——72||w Wi + —y2||w||2 <

and assume that

Wi i =

Finally, using Young’s inequality and some algebra gives that

T
t{WIWi) = —a tr{W’TLWi
w w w w 1+)CT
T
WvlvT1+ Ty xw(wa) }

<- (aw 2 2) Wi xi” +

Combing all the above calculations, it yields that

2
A(MMT)) IR ~ 25 min AR P

.
;VZIIWéII

LV < (4y

ay, .
+ (4—2 -y +y ) Wi xI? + 61+ 62
where
61 = 2max AR)(L? + L?)|lel?
ieN

-Br . , 1-B;
A(H; -
rig/l\rfl_( 1| 5

in A(R;) |lial*
min A(Ry) ||

2
— ZRle 2 Ai i'—l_ﬂ_x . /lHl 2.
@2 (rzrel.%/)'( ( ) 1 +v wa(Qw) ) IZ'IEI}\I/I_( ) ||)C||

Taking into account the event triggered condition, we conclude
that £V < 0, which shows the trajectories of x,W! and W/
converges to 0.

Now we consider the jump dynamics in the triggering
instant ;. Note that x,W. and W! are continuous without
jump dynamics. Here we only consider £ and W:. Based on
the fact that £ = x(f;;1) and the convergence of x, x(t)
converges to the origin asymptotically.

For the error dynamic of Wi, let V,(Wi) =
Then it can be calculated that

)

V(W) = V(W)
1 ~ ! P
+ atr {W,,T (—aaQOd(Qué,) 1)}

1 ~ xxT
= —tr W7 —ap—r—
I { “ ( Yl Ty
1 2 o AT o
t W, —W,
ZQarga“(l—i—xTx “) L+ xTx ¢

1 i i
St Wi Wi

+

16219

~ r T
W) (7 0 )%

n 1 i )2 xxT
—wlt 22—
a, N1+ xTx

T
ouit")

1 ) x!
t
+ 2a, )% (1 +xTx
T
X (1+ T qu,i(Q ) )%
Keep in mind the following fact
xxT
1+ xTx 1+ xTx
1
[ — < -
1+ xTx (1 + xTx)? 4

After taking norms and using Young’s inequality for the cross-
terms and Cauchy-Schwarz inequality, we have

V(W) = V(W)

< — | WTx|* + | Wi x| g™
a || AT |12
+5 WA
+aa |[WA | T = 12,1 2™
H Qx“d ” 1 + x T ud ! ]2

. AQ)™ @, @A)
<—||fo||2<1- ) mAQ)

[/l((Q’ ,1) HP aa/l((Qud) "

|G, + Ik

g [/l((Qud) h1?
y O o .

Now define a compact set

(54)

A = W, Wl <
Q)P | @d(@,)7) | aald(Qi,) )P
4 4 2 Ai
|- @)D e, ad(@) 1%, -
4 3 7]

It can be guaranteed that V,(Wit) — V,(Wi) < 0 when-
ever Wi lies outside the compact set Z#. Here we have

to select @, < %, which can be ensured by (50)
with /_l((Q‘ yhy = 1//_l(R,-). Consequently, as the conver-
gence of IIQWII the set & shrinks and will eventually

turn into a single point. This means that ||Wi|| converges
to 0.

Now based on the above discussions, the actor-critic
Q-learning based online model-free learning scheme can be
concluded in Algorithm 2.

Remark 3: According to Theorem 2, the tuning gain a, and
a, satisfies a. > a, which means the critic network has a
way faster convergence than the actor approximator. This is
essential for Algorithm 2 since it guarrantees the asymptotic
stability of the set X.
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Algorithm 2 Optimal H., Event-Triggered Control by Using
Proposed Online Model-Free Algorithm

Step 1: Randomly initialize weights W/, W and W/ . Select
the user-defined parameters a.,a,,a, indicating conver-
gence speed and event triggering parameters L, L;,[,, 5
according to Theorem 2. Set the sampling time interval
and a samll time interval T = nt, where n is a user-defined
number for collecting system data.
Step 2: Let converged be a stopping flag and & be the
threshold
Step 3: For a given noise attenuation level index y, do the
following loop:
converged «— false
while not converged do
run the system and store system data x, iy, w during every
time interval 7, then update:
VAVC’ — WZ + WL’ *T
va — VAVV’V + VAVV’V * 1
if not (46) then
W — (39)
else
Wi e Wi
end if
if £, < & then
converged «— true
end if
end while
return: control network weights W’
Step 4: Obtain the optimal H., event-triggered controller
(33) with respect to the event triggering condition (46).

Remark 4: It can be found that in the literature the event-
triggered control problem for MJSs are mostly discussed
through LMI-based methods [33], [34], [35], [36], [37]. They
rely heavily on accurate system models and solving complex
equations or inequalities, which makes them vulnerable to sys-
tem parameters. By contrast, the proposed approach presented
in Algorithm 2 determines the controller gain through an iter-
ative process using collected system data. This model-free and
data-driven design enhances robustness against uncertainties
in system parameters and structural variations. However, these
methods are not absolutely superior or inferior to each other.
They should be chosen with care according to real application
environments.

Remark 5: Regarding the computational complexity, the
number of variables that we need to solve is %(nx +n, +
ny)(n, + n, + n,, + 1) and the weight updates is through a
simple gradient decent, which means that our approach has
second order polynomial complexity in each iteration step.

IV. NUMERICAL EXAMPLES

In this section, a fourth-order Markov jump system is taken
from [47] to illustrate the proposed results. This simulation
was executed via MATLAB R2023a on a computer with a
3.60-GHz Intel Core 17-12700KF CPU. The system parameters
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o

n
I

System mode

0.5

3
Time(sec)

Fig. 1. System mode r(?).

are as follows:

[-2.1051 —11648 0.9347  0.5194 ]
4 — | 700807 -2.8949 0.3835  0.8301
"7 0.6914 10.5940 -36.8199 3.8560

| 1.0692 13.4230 22.1185 —13.1810 |

[-2.6430 —1.2497 0.5269  0.6539 ]
4, — | 707910 -2.8570 0.0920  0.4160
27 | 21.0357 22.8659 ~26.4655 —1.7214

| 27.3096 7.8736 —3.8604 —29.5345 |
B; = [0.7564 0.9910 9.8255 7.2266]"

B, = [0.3653 0.2470 7.5336 6.5152]"

D =D,=[1000]",R =R, =1
T

1010
2 2
([l = [1.5 —1.5]

0000
1010
0000
Fig. 1 shows a possible mode evolution.

To evaluate the H., control performance, here we set the
noise attenuation level index y = 2.5. The rest of the param-
eters relating our model-free algorithm are o, = 0.05,¢, =
20,@,, = 0.008, L = 10, L; = 2 respectively. The Q-learning
interval is chosen as 7 = 0.01 and the converge threshold is
€ = 0.001. Then by online simulation, after 267 iteration steps,
0.1879s in runtime, the actor weights are converged as shown
in Fig. 2, which is

H =H, =

W! = [0.1384 0.4800 —0.5664 —0.3969]"
W2 = [0.0148 0.7691 0.3770 0.0636]" .

The system trajectory and the control action are shown
in Fig. 3, which verifies the stability of the closed loop
system and the effectiveness of the proposed method. In a 6s
simulation with a sampling interval 0.001s, under our designed
event condition, only 2064/6000 = 34.4% data is necessary
to be transmitted, reducing a huge load of communication
burden. The event-triggering instant and the event release
interval are shown in Fig. 4. The comparison of the norm of
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Fig. 2. The approximated actor weights Wi,
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Fig. 3. State trajectories xp, x2, x3,x4 and the event-triggered control input
ity for the closed loop system.
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Fig. 4. Event release instant f; and release intervals (fxy1 — ).

error vector e with the event triggering threshold ey defined
in (46) is presented in Fig. 5.

The H., attenuation level index is calculated to be y =
1.1944 < 2.5. With this learned controller, we conduct a Monte
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Fig. 5. of state error vector |le|]| and the event triggering
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Fig. 6. Ho performance index 7y, vs Monte Carol simulation with

200 repetition experiments for arbitrarily obtained controller gain under given
index Ygiven = 2.5.

Carol simulation with 200 repetitions and the H., performance
is shown in Fig. 6.

To father illustrate the validity of our method, let the
initial distribution of ry to be [0.2 0.8], and we conduct the
experiment with the proposed learning control algorithm for
200 times.

The state trajectories are present in Fig. 7. Therefore the
stochastic stability can be ensured.

To further illustrate the merits of the proposed results,
here we make a brief comparison with the commonly used
LMI-based methods under different cases in system matrix
uncertainties to show how they perform in stability guarantee
and H. noise attenuation level index. The details of the
used LMI-based methods for this comparison can be found in
[36]and [37]. Let A be a random matrix with its values being
uniformly distributed in [0, 1]. The system matrix uncertainties
are set as 0- A in case I, i.e., no uncertainties, 1.5A in case 1l
and 2A in case III. The results are shown in Table I. As can be
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Fig. 7. State trajectories xj,x,x3,x4 for a Monte Carol simulation with
200 repetition experiments executing the proposed algorithm.

TABLE I

COMPARISON BETWEEN LMI-BASED METHODS USED IN [36] AND [37]
AND ALGORITHM 2 UNDER DIFFERENT CASES

LMI-based methods  Algorithm 2

stability guarantee Yes Yes
Case I Hoo index 1.1227 1.3242

stability guarantee Yes Yes
Case II Hoo index ~y 2.7371 1.8787

stability guarantee No Yes
Case III Hoo index y - 2.0743

seen, when the system matrix is perfectly known and have no
uncertainties, the LMI-based methods and Algorithm 2 have
a similar performance index. However as the uncertainties
goes higher, the LMI-based methods will result in an index
larger than the predefined value, or even worse, losing its
stability guarantee. On the contrary, Algorithm 2 works well
in three cases, showing its robustness to system parameter
uncertainties. This corresponds to what we have discussed in
Remark 4.

V. CONCLUSION

This paper investigates the optimal event-triggered control
problem for Markov jump linear system based on a model
free Q-learning method. By recalling the zero-sum game-
theoretic problem, the time-triggered optimal H, controller
gains can be computed by solving coupled game algebraic
Riccati equations (CGARESs) through a mode-based parallel
policy iteration algorithm. Then the event triggering mech-
anism is introduced where the feedback is updated in a
sampled way. The corresponding triggering event is then
designed by utilizing a Hamiltonian-driven adaptive dynamic
programming. The difference of the optimal cost between
the time triggered case and the event triggered one is also
discussed. In light of the objective of developing an online
model-free solution, a framework based on Q-learning and
incorporating an actor-critic network has been adopted in order
to approximate both the optimal cost and the event-triggered
control law. The stability of the closed loop system and the
convergence of the parameters associated with the network
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are analyzed and proved. A numerical example is presented in
the end to validate the effectiveness of the proposed results.
Future research directions include extending this method to
address network-induced disturbances such as time delays and
malicious attacks [24], as well as practical implementations
on platforms of UAV [48], [49], [50], UGV [51] and mobile
robots [52].
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