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ARTICLE INFO ABSTRACT

Existing multi-view semi-supervised feature selection methods typically need to calculate the inversion of
high-order dense matrices, rendering them impractical for large-scale applications. Meanwhile, traditional
works construct similarity graphs on different views and directly fuse these graphs from the view level,
ignoring the differences among samples in various views and the interplay between graph learning and
feature selection. Consequently, both the reliability of graphs and the discrimination of selected features are
compromised. To address these issues, we propose a novel multi-view semi-supervised feature selection with
Adaptive Similarity Fusion and Learning (ASFL) for large-scale tasks. Specifically, ASFL constructs bipartite
graphs for each view and then leverages the relationships between samples and anchors to align anchors
and graphs across different views, preserving the complementarity and consistency among views. Moreover,
an effective view-to-sample fusion manner is designed to coalesce the aligned graphs while simultaneously
exploiting the neighbor structures in projection subspaces to construct the joint graph compatible across
views, reducing the adverse effects of noisy features and outliers. By incorporating bipartite graph fusion
and learning, label propagation, and /, ,-norm multi-view feature selection into a unified framework, ASFL not
only avoids the expensive computation in the solution procedures but also enhances the quality of selected
features. An effective optimization strategy with fast convergence is developed to solve the objective function,
and experimental results validate its efficiency and effectiveness over state-of-the-art methods.

Keywords:

Multi-view feature selection
Semi-supervised learning
Similarity fusion

Graph learning

1. Introduction Depending on the availability of the class labels in the training

procedures, existing multi-view feature selection can be conducted in

As information collection technologies rapidly develop, data with
diverse feature representations become more and more popular in
practical applications, referred to as multi-view data. Compared to
single-view data, multi-view data offers a more comprehensive de-
piction of research objects, as different views are complementary or
partly independent [1-6]. Considering the instability of external envi-
ronments, data collected from diverse types of equipment inevitably
contain noisy features, such that the direct use of multi-view data not
only requires expensive costs but also impairs the performance of later
tasks. To this end, multi-view feature selection aims to select a subset
of relevant features from heterogeneous feature spaces, becoming a
fundamental yet challenging paradigm in multi-view learning [7-10].

* Corresponding authors.

three manners: supervised, unsupervised, and semi-supervised [11-14].
Among them, supervised methods need enough labeled information
to guide feature selection [15-17], while unsupervised methods com-
monly utilize the intrinsic structure of data to select features without
the guidance of label information [18-21]. In many real-world do-
mains, there exist scarce labeled samples because of the laborious
process of labeling data, whereas large amounts of unlabeled sam-
ples are easily available. Therefore, the semi-supervised manner that
leverages both labeled and unlabeled samples to select discriminative
features from the original feature space, has attracted widespread
attention [22,23]. To select features from multi-view data with limited
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labeled information, the direct way is to use label propagation to
predict the pseudo labels of unlabeled samples and then invoke single-
view models on the concatenated features of different views. Typical
methods generally learn graphs to capture the underlying similarity
structures within the data and learn a sparse feature projection ma-
trix to identify informative features [24]. Specifically, Lai et al. [25]
proposed to combine label propagation and sparse projection learning
for feature selection. Shi et al. [26] introduced binary label learning to
enrich the label information of unlabeled samples, so as to supervise the
feature selection process. However, these methods are not specifically
devised for multi-view tasks, since they equally treat multiple views
and discard the distinction and correlation among views, affecting the
effectiveness of ultimate feature selection.

Accordingly, researchers introduced the view weights to distinguish
the contributions of different views instead of simply concatenating
them [27]. Specifically, Multi-view Laplacian Sparse Feature Selection
(MLSFS) [28] had been proposed to construct similarity graphs inde-
pendently on each view, and then introduce view weight parameters
to integrate the results of label propagation on different views. To
avoid the trivial solution of view weights, an exponent hyper-parameter
p(p > 1) is required for MLSFS to control the distribution of view
weights. MLSFS imposes the /, | ,-norm constraint on the feature pro-
jection matrix, to learn a sparse feature projection for feature selection.
Thereafter, Shi et al. [29] replaced the graph Laplacian matrix in MLSFS
with the Hessian matrix to further exploit the structure information of
data. To update similarity structures during feature selection, Multi-
view Adaptive Semi-supervised Feature Selection (MASFS) has been
proposed to exploit the distances among training samples in the original
space to learn view-specific similarity graphs [30]. However, these
multi-view semi-supervised feature selection methods directly derive
the similarity structures of data from the original feature space that
inevitably contains irrelative dimensions, such that the constructed
graphs might be affected by noises and often suboptimal, ultimately
leading to performance degradation. To this end, Jiang et al. [31]
proposed to adaptively learn graphs from both the original feature
space and the projection subspace induced by the /, |-norm constraint.
Generally, the methods mentioned above construct the n-order graphs
to mine the relations among training samples (n is the number of train-
ing samples) and apply the /, ,-norm (0 <p< 1) regularization to feature
projections for feature selection. Despite achieving some progress, they
suffer from the high computation costs and the suboptimal perfor-
mance of feature selection. Specifically, it takes the computational
complexities of O(n*) and O(n*) when solving the prediction label
matrix of training samples and constructing n-order similarity graphs,
respectively. Therefore, these methods are challenging to tackle large-
scale tasks, heavily limiting their applicability in practice. Meanwhile,
the /, ,-norm regularization cannot ensure that certain rows of feature
projection matrices are 0, which means that these /, -norm feature
selection methods need the sparsity-induced parameters to balance the
projection losses and the row-sparsity of projection matrices, increasing
the burden of parameter tuning. To select important features, they
have to calculate and sort the feature scores (i.e., the /,-norm of each
row for feature projection matrices), which separates the procedures
of selecting features from learning projection matrices, such that sub-
tle variations of the feature scores might result in different features,
increasing the instability of feature selection.

To improve the computational efficiency, recent methods attempted
to construct bipartite graphs between training samples and a small
number of anchors for predicting labels [32]. For example, Chen
et al. [33] proposed to pick out features and simultaneously exploit
selected anchors to construct bipartite graphs in the projected subspace.
However, this method is an unsupervised single-view model, which not
only fails to utilize the labeled information in the training samples
but also ignores the consistency and complementarity among views,
making it difficult to select a discriminative subset of features. To
match multi-view data, Zhang et al. [34] adaptively combined the
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similarity structures of different views to construct a bipartite graph for
label propagation and adopted the [, ;-norm regularization to achieve
the row-sparsity of the learned feature projection. Unfortunately, the
method in [34] generates anchors from the concatenated feature space
of multiple views, such that the obtained anchors cannot take into
account the differences among views. Moreover, the aforementioned
semi-supervised multi-view methods discriminate and fuse similarity
structures/graphs directly from the view level, which ignores the
impacts of samples from different views on the graph construction,
making the learned graphs susceptible to outliers within each view.

To break such inherent limitations, this paper proposes a novel
semi-supervised multi-view feature selection method with adaptive
similarity fusion and learning (ASFL), whose basic framework is illus-
trated in Fig. 1. The main contributions of ASFL are summarized as
follows:

+ By incorporating the view-to-sample similarity fusion, label prop-
agation with bipartite graph learning and the /, ,-norm constraint
into a unified framework, we propose a novel semi-supervised
multi-view feature selection method, which tactfully avoids cal-
culating the inverse of n-order dense matrices, so as to efficiently
handle large-scale multi-view data.

Unlike previous methods, ASFL introduces an adaptive view-
to-sample weight to fuse the similarities among samples from
multiple views and simultaneously leverages the distances in the
projection subspace induced by /,,-norm to learn an optimal
graph, not only properly balancing different views but also ef-
fectively alleviating the adverse impacts of noisy features and
outliers on the graph.

We employ the /,,-norm to automatically identify salient fea-
tures during learning procedures, which releases ASFL from the
sparsity-induced parameters as well as the operations of sorting
features, enhancing the quality and reliability of selected features.
We develop an efficient optimization to alternately solve the
formulated objective function, and extensive experiments demon-
strate the effectiveness and superiority of the ASFL when tackling
semi-supervised multi-view feature selection tasks.

The rest of this paper is organized as follows. Section 2 introduces
the details and optimization procedures of the proposed ASFL. Section 3
conducts experiments to validate the proposed ASFL from different
aspects, and Section 4 draws the conclusion and discusses possible
directions in future research.

2. The proposed method
2.1. Notations

Throughout the paper, matrices and vectors are written as boldface
uppercase letters and lowercase letters, respectively. For a matrix M,
Tr(M) and |M]| denote the trace and the Frobenius norm of M.
IMll,; =Y, lm;]l, and Ml = 3, ||m,-||g represent /, -norm and / ;-
norm of M, in which m; denotes the ith row of M. Table 1 summaries
the main notations in this paper.

2.2. Problem formulation

In this section, we elaborate on the crucial details of the proposed
ASFL, which comprises three parts: feature selection with the /, j-norm
constraint, adaptive view-to-sample similarity fusion and learning, and
label propagation with the learned bipartite graph. Specifically, to
achieve feature selection, the sparse linear regression [35,36] is widely
adopted, which can be formulated as:

T T 2
Win IXTW1,b° = Fly, + 7 ROW), €))]

where W € R is the feature projection matrix, and b € R*¥! denotes
the bias vector. R(W) represents a sparse regularization term on W and
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Fig. 1. Schematic illustration of ASFL. Concretely, by learning the view-specific bipartite graphs and aligning them from the column, ASFL properly ensures the complementary
and consensus among views. After that, ASFL introduces an adaptive view-to-sample weight to fuse the similarities from multiple views, which effectively alleviates the undesirable
influence of outliers. By incorporating bipartite graph fusion and learning, label propagation and /,,-norm feature selection into a unified framework, ASFL avoids the inverses of

high-order dense matrices and enhances the quality of selected features ultimately.

Table 1
Description of notations.
Notation Description
n,l The number of training data and labeled data
c,v The number of classes and views
d.d=7Y_d, The dimension of rth view and all views
X € Réx! The ith sample in rth view
=[x!,....x"] € R™! The ith sample
=[xy,...,X,] € R™>" The concatenated feature matrix
=[zy,...,2,] € R>" The generated anchors
Y, e R The label matrix of labeled samples
Y, =[Y,;0] € R™ The label matrix
F e R™ The predicted label matrix
W e Rix¢ The feature projection matrix
I, e R The n-order identity matrix
b € RX! The bias vector
1, € R The vector with ¢ elements being 1

can be generally realized by the /, ,-norm (0 < p< 1), thereby making
W sparse in rows. Although achieving a certain degree of sparsity,
the I, -norm fails to enable several rows of W to be 0. Therefore,
the feature selection methods based on the /, ,-norm need to calculate
the scores {||w,-||2}f_’=l (w; is the ith row of W) of all features first
and then sort the feature scores by descending order, so as to select
the first few features. However, the procedure of sorting features is
separated from the feature projection learning, such that subtle changes
of {||w,-||2}f=l can lead to different results, thereby selecting diverse
subsets of features. Considering these factors, we directly introduce the
I p-norm on the W, reformulating Eq. (1) as follows:

%? IXTW +1,b7 = F||2 s.t. [Wllyo=h, 2

where £ is the number of selected features. Benefiting from the I, -
norm, Eq. (2) can select important features automatically during train-
ing procedures, without the feature sorting operation and the sparsity-
induced parameter (i.e., y). Fig. 2 shows the feature projection ma-
trices obtained by the /, ,-norm regularization and the /,,-norm reg-
ularization, respectively. Obviously, the /,,-norm constraint on W
(i.e., [[W|l, = h) is the optimal solution for feature selection, whereas
it is difficult to solve due to the non-convex property. To solve this
problem, several efforts have been made to develop primarily two
optimization methods: projection gradient descent (PGD) [37] and
augmented Lagrangian method (ALM) [38]. Generally, the PGD-based
methods update the solution of W by gradient information first and

Selected features by feature scores Selected features directly
feature score

feature index
WG N
N

]

12.0 -norm

(calurc index

— [e]

I
B
l2 p-norm

Fig. 2. Feature projection matrices obtained by /, ,-norm and /,,-norm.

then project it to the feasible region in each iteration, which is complex
and time-consuming. In contrast, the ALM optimization manner is
more efficient with stable solutions by introducing auxiliary variables
to equivalently convert the /,,-norm problem into a simple problem.
Therefore, we adopt the ALM method to solve the problem of [|W]||,, =
h, whose optimization details are provided in the next subsection.

In semi-supervised scenarios, the samples with true class labels are
relatively limited, which motivates researchers to leverage similarity
structures to enrich the labeled information of training samples [39].
However, existing methods construct graphs to capture the similarity
structures and learn the predicted labels for training samples by graph-
based label propagation, which takes the computational complexities
of O(n?) and O(n?), respectively [40]. To tackle large-scale data, Zhang
et al. [41] proposed to generate anchors on the concatenated space
from multiple views and construct bipartite graphs between training
samples and anchors to reduce computational complexity. However,
considering that each view has specific statistical characteristics, such
feature concatenation manner neglects the distinctions between dif-
ferent views, potentially affecting the quality of anchors [42]. To
preserve the complementarity among views, we propose to generate m
anchors {7’ }7=1 on each view separately and construct bipartite graphs
{A"}_| € R™" to explore the view-specific similarity structures. We
note that the anchor sets on different views might be mismatched,
making view-specific graphs not aligned in columns [42]. To solve
this limitation, the connection relations between training samples and
anchors on the bipartite graphs {A"};_, are effectively used. Specifi-
cally, each column of bipartite graphs records the similarities between
its corresponding anchor and all samples, which can be regarded as
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an n-dimensional representation of this anchor. Considering that the
similarity relations between anchors and samples on different views
will not be drifting with views, thus each view can be selected as
the aligned standard in practice. For convenience, the first view is
employed as the standard to align others by solving the following
problem:

min Al = ATO"|2. st (0HTO" =1,07(0" =1, 3)

where A! and A" denote the bipartite graphs for the first and the rth
view, O" represents the permutation matrix that aligns the rth view to
the first view. Eq. (3) can be efficiently solved by the singular value
decomposition (i.e., (A)TAY = ®X¥), and the solution is calculated
as: 0" = P&". Denoting A" := A’O" and Z" := Z'O" as the aligned
graphs and anchors, we propose an adaptive view-to-sample manner to
fuse the cross-view similarity structures:

n U
min Dol = Y a3 4
S1=1.5>0.61=1.520 & ls; il ill2; )

where S € R"™" represents the learned unified similarity graph, and
6 = [6);...;8,] € R™ is the view-to-sample weight matrix. It is worth
emphasizing that the ith row of 8, i.e., §; =[5}, ..., 5] € R, denotes
the weights of the ith training sample in v different views, and the
rth column of & measures the importance of n training samples in the
rth view. Different from the previous studies that solely discriminate
multiple views at the view level, Eq. (4) introduces the view-to-sample
weights to adaptively discriminate and coalesce the similarity struc-
tures of training samples across views, such that the contribution
diversity of different views and samples is taken into account, enhanc-
ing the robustness of the fused similarity structures against poor-quality
views and outliers. Considering that the feature selection(projection)
matrix W can identify discriminative features and effectively reduce
the influence of noisy features, ASFL further leverages the similarity
relationships in the projected feature subspace (i.e., X’ W) among
samples and anchors to learn a more reliable bipartite graph S, finally
formulating the adaptive view-to-sample similarity fusion and learning

model as follow:
v

n m n
. T T 112 N2
IQ?ZZMW X, - W zj||2s,.j+92||s,.-Z(s;a;n2
’ i=1

i=1 j=1 r=1
st. S1=1,S>0,61=1,6>0, 5)

where 6 is the regularization parameter. In Eq. (5), the aligned anchors
are denoted as unlabeled samples, with the corresponding prediction
label matrix represented as G € R™*¢. To obtain the predicted labels of
unlabeled samples and anchors, we define an augmented graph R on

the basis of bipartite graph S, i.e., R = [SOT ﬁ] € RU+mXm+m) - thys the

label propagation based on the learned bipartite graph is formulated as
follows:

min Tr(Q"LzQ) + Tr(Q - V)" UQ - Y)), (6)

where Q = [£] € R"*™>¢ denotes the predicted labels of unlabeled
samples and anchors, Li = [j;sr f] is the Laplacian matrix of the

augmented graph R, in which D, (D, =1, due to the constraint S1 =1)
and A are diagonal matrices with their diagonal elements being the
row and column sums of S, respectively. Y = [%’] € Rmxe contains

the known labels of training samples and anchors, and U = %"g

is an (n + m)-order diagonal matrix, in which the diagonal element
is a large const (e.g.,10°) if its corresponding sample is labeled and
0 otherwise. To select discriminative features, the feature selection in
Eq. (2), the similarity fusion and learning model in Eq. (5) and the label
propagation in Eq. (6) are incorporated into a unified framework can

mutually reinforce each other, formulating our final objective function:
n m

n v
: T T 112 312
olin, ¥ P IWTx, = W% I35, +0 Ylls,— D735
Walsn & & &4

i=1 j= r=
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Fig. 3. The relationship between the variables in Eq. (8).

+ATr(Q LR Q) +Tr(Q-Y)" UQ-Y)) +ulI X" W+1,b" —F||2.
st.81=1,8>0,61=1,8 0, (|Wl,0 = h, )

where 0, 4, and p are regularization parameters to balance different
terms. In Eq. (7), the first term utilizes the neighbor relations be-
tween samples and anchors in the projected subspace to update their
similarity structures, reducing the impact of noisy features on the
bipartite graph S. The second term conducts the similarity fusion from
the aspect of view-to-sample, balancing the contribution of different
samples across multiple views, such that the adverse effects of outliers
are largely shielded, enhancing the quality of graph S and effectively
facilitating the ultimate feature selection. By adaptively learning a
bipartite graph that conforms the consistent and complementary infor-
mation among multiple views, the proposed ASFL in Eq. (7) not only
reduces the cost of graph construction but also tactfully transforms
the inversion of an n-order dense matrix into simple operations on
low-order matrices. As a result, ASFL can address large-scale multi-
view semi-supervised feature selection tasks efficiently due to its low
computational complexity.

2.3. Optimization procedures

As mentioned above, Eq. (7) is difficult to solve immediately since
it contains the non-convex /, j-norm constraint. To obtain the optimal
solution, an auxiliary variable D = W is introduced, so as to transform
Eq. (7) into the following equivalent problem:

nom v

n v
oin 21 Zl IWTx, - WTZ, |35, + 6 Zl lls; — )" 67a7l3 + ATr(Q" L, Q)
i=1 j= i=

r=1

+Tr(Q = V) U@ Y + ulIX" W+ 1,1 ~FIE + 21D W+ 1
st.S1=1,8>0,81=1,6>0, D], = h, (8)

where 7 is the penalty parameter and II € R"™“ represents the La-
grangian multipliers. Although Eq. (8) is not jointly convex w.r.t. all
variables, we can prove that the subproblem of b, Q and W is convex.
The detailed proof is given in Appendix. Fig. 3 depicts the logical
relationships among the variables in Eq. (8), and we have developed
an efficient strategy by dividing the objective function into a joint
subproblem (w.r.t. b, W and Q) as well as another three subproblems,
where the detailed steps are given as follows:

« The subproblem w.r.t. b, Q (ie, [£]) and W: When other

variables are fixed, the problem of Eq. (8) becomes:

élm XD IW X, = WIZ |35, + ul X" W+1b" —FI[%,
=1 j=1

n
+ ATr(QTLRQ)+Tr<<Q—Y>TU<Q—Y>)+g||D—W+7 13- )
Setting the derivative of Eq. (9) w.r.t. b to zero, the optimal solution of
b is obtained as follows:

b=F"1-W'X1)/n (10)
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Then, by substituting Eq. (10) into Eq. (9), we obtain the following
subproblem:

. _y, T _ ; -
i T ] [ o] [ D+l X W-HFIE 4T [ ] [_IS"T ,f] [ED, 1)
where X, =XH,H=1,-117 /n, and H=H? =
of Eq. (11) w.r.t. G to zero, we have:

AG-S"TF=0=G=A"'STF. 12

H”. Taking the derivative

After that, substituting the solution of G into Eq. (11) and setting its
derivative w.r.t. F to zero, the optimal F is calculated as:
F=(V-KMK")'E, a3)
where V = (A+ ), +U, is an n-order diagonal matrix, K = [S,1] €
RoX(n+) N = | 247" 0 ]‘eR(”’“)X("’“) and E=U Y, +uX"W. We note
4 0 u/n n=n ¢
that Eq. (13) still involves the inversion of an n-order dense matrix
(i.e., V—KMK"), requiring ©(n’) at least. We can reformulate the
solution of F according to the Woodbury matrix identity’:

F=V!E+V KM '-KTV!K)"'K"V~'E, 14

where the inversion of (V-KMK) is replaced by the inverse operations
on the diagonal matrix V and the (m + 1)-order matrix (M~!-K” V~!K),
as well as several matrix multiplications. By calculating Eq. (14) from
right to left, the computational complexity of solving F can be reduced
from O (n?) to On(m + 1)* + (m + 1)*). Since m < n in practical
applications, the computational complexity of ASFL is linearly related
to the number of training samples.

Then, substituting the solutions of b, G and F into Eq. (11), the
problem w.r.t. W becomes:

min Te(W! (XXT + ZAZ" - XSZ" - ZS"X" + uX X1 )W)

- Tr (E"(V-KMK")"'E) + %nHD -W+ ’1-711||2F. (15)

Setting its derivative w.r.t. W to zero, we achieve the optimal solution
of W:

=(N+31D7'B, 16)

where N=C+uX X" — 42X (V-KMK")"' X", and B=uX, (V-KMK”)!
U,Y, + 3nD+111.

» The subproblem w.r.t D: When other variables are fixed, the
optimization problem for D becomes:

min ||D— W+—||2 17)

Dl 9=h
D can be directly solved by setting the d — h rows of W — — w1th the
smallest /,-norm to zeros.

o The subproblem w.r.t S: When other variables are fixed, the

optimization problem for § is:
n

S121820 Z 2 IW7x; = W% 13s;; + 0 Z lls; = Z 87ar|I3

=1 j=1
m

n
+ 4 DI~ g5 18)
i=1 j=1
Since the optimization of S is independent in rows (i.e., s;), thus we can
solve S by rows:
. Pi 2

P 19
A  18 = 2512 1
where p; is a row vector with p; =26 Y, & aj; —IWTx; - W7z, ||2
Allg; — g,||§ Eq. (19) can be directly solved by an adaptive neighbor
strategy, where the parameter 6 can be determined according to the
number of nearest anchors (i.e., k) [43].

1 (A-BCBT)! = A~! + A~'B(C~! - BTA-'B)~'BTA~!
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Algorithm 1 : The optimization algorithm for ASFL

Input: Multi-view data X, labels Y, of labeled samples X;, the number
of anchors m, and the parameters A, u;
1: Initialize W by least squares regression on {X,,Y,},
[Y,;0], G=0; k = 10, IT=0, n=0.01, p=1.1;
2: Generate the anchor sets {Z"}?_,, and construct the bipartite graphs
{A"})_ for each view;
3: Learn the permutation matrices {O"}!_, to align graphs and anchors
across different views by solving Eq. (3);
: repeat
Update b by Eq. (10);
Update G by Eq. (12);
Update F by Eq. (14);
Update W by Eq. (16);
Update D by solving Eq. (17);
10:  Update each row of S by solving Eq. (19);
11:  Update 6 by solving Eq. (23);
12:  Update ALM parameters IT and 5 by Eq. (24);
13: until the objective function of Eq. (8) converges;
Output: Feature selection matrix W with 4 non-zero rows.

6=1/v, F =

© ® N>R

o The subproblem w.r.t 6: When other variables are fixed, the
optimization problem for 6 is:

min 2 lls; — 2 &2 (20)

Considering that each row for 6 (i.e., §;) is independent, thus 6 can be
solved by rows:

— 6’~’ 21
50 i Z I12. (1)
Due to Zf_ 87 =1, we can rewrite Eq. (21) as:
v v
lis, = Y, 878,113 = | 25’5 - 25’~’||2 =11 ) 6, —aNII3 = 18,C,11%,
r=1 r=1
(22)

where C; = [¢};..;¢/] € R™" with ¢/ =s; —a;"
problem for §; becomes:

min  &,C,CTs". (23)
s1=1,620 ' ' 11

. Thus, the optimization

Since C,-CiT is positive semi-definite, Eq. (23) is a quadratic program-
ming problem and can be solved efficiently by [44].

« Update ALM parameters: In each iteration, the penalty parameter
n and the Lagrange multipliers IT are updated as:

=1 +nD-W)

17 = min(pn, fimax)s (24)

where p = 1.1 and #,,,, = 100 are constants in this paper.

2.4. Complexity analysis

Algorithm 1 summarizes the optimization process of the proposed
ASFL. By constructing bipartite graphs between samples and anchors,
the computational complexity of ASFL is linearly related to the num-
ber of training samples. Specifically, in the initialization phase, ASFL
uses k-means to generate m independent cluster centers in each view,
with the computational complexity of O(ndm). Constructing bipartite
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Table 2
The detailed information of multi-view datasets.

Dataset Classes Samples Features (dimension of each view)
Reuters 6 1200 10 000(2000/2000/2000/2000,/2000)
COIL20 20 1440 2801(512/420/1239/630)

Leaves 100 1600 192(64/64/64)

BDGP 5 2500 1750(1000/500/250)

Scenel5 15 4485 4420(1800,/1180/1240)

ALOI 100 10800 279(77/13/64/125)

Mnist 10 70000 459(256/144/59)

Youtube 31 95000 832(113/322/110/287)

graphs and learning the permutation matrices cost @(nmdk) and O(m>v),
respectively. During the optimization process, updating b needs O(nd);
Calculating G, F and W involves matrix inversions, requiring O(nmc),
Om(m + 1)? + (m + 1)), and O(nd® + d?), respectively; Optimizing S
costs O(nmdk). Besides, the optimization of D and 6 take O(dh+dc) and
O(nmv?). Since v, ¢ and m are small constants in practice, the overall
computational complexity of the ASFL is O(n(m + 1)> + nd* + d>).

3. Experiments

In this section, comprehensive experiments are conducted to eval-
uate the effectiveness of the proposed ASFL in terms of multi-view
semi-supervised feature selection. All experiments are implemented in
Matlab R2018a and run on a Windows 10 computer with a 3.2 GHz
CPU and 32 GB of RAM. To demonstrate the superiority of ASFL, we
compare it with seven state-of-the-art feature selection methods, includ-
ing the supervised Multi-view Sparse Feature Selection (MSFS) [45],
the unsupervised Feature Selection with Bipartite Graph and /,,-norm
Constraint (BGCFS) [41], the Semi-supervised Feature Selection with
Binary Label Learning (SFS-BLL) [26], Multi-view Laplacian Sparse
Feature Selection (MLSFS) [28], Multi-view Adaptive Semi-supervised
Feature Selection (MASFS) [30], Efficient Multi-view Semi-supervised
Feature Selection EMSFS [34] and Semi-supervised Multi-View Feature
Selection (SMFS) [31].

3.1. Experimental setting

To fully validate the effectiveness of the proposed ASFL, experi-
ments are conducted on eight real-world multi-view datasets, where
Table 2 summarizes the details of the experimental datasets. In the
experiments, Reuters, COIL20, Leaves, BDGP, Scenel5 and ALOI are
considered as small-scale datasets, while Mnist and Youtube are used
as large-scale datasets. Specifically, 80% and 30% of samples are
randomly selected as the training set for small-scale datasets and large-
scale datasets. The number of anchors is varied based on the scale of
datasets (i.e., m = 5%xn and m = 1%xn for small and large datasets, re-
spectively). According to the conventions of feature selection, features
selected by each method on the training set are utilized to train the lin-
ear SVM classifier (the regularization parameter is fixed as 0.1). Then,
the effectiveness of selected features can be evaluated by calculating the
classification accuracy of SVM on test samples represented by selected
features. For a fair comparison, the parameters of other methods are
tuned in the same ways as given in the respective research works. In
the proposed ASFL, we tune the regularization parameters A and u
from {1073,1072,...,10%)}. Specifically, during the training stage, the
supervised method (i.e., MSFS) will utilize labeled samples for training,
while the unsupervised method (i.e., BGCFS) leverages the unlabeled
samples. To reduce the statistical variability of experimental results,
all methods are independently run 20 times on disparate training
data partitions, and the average results on test samples under optimal
parameter configurations are reported.
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3.2. Experimental results

To compare the quality of selected features by different methods,
Tables 3 and 4 record the mean and standard deviation of classifi-
cation accuracy on test samples when using selected feature subsets,
in which the numbers of selected features vary within the range of
{5%,10%, ...,30%} xd, and the ratios of labeled samples in training sets
are fixed at 30% for small-scale datasets and 3% for large-scale datasets.
The best and second-best results are indicated in bold and underlined,
respectively. “OM” (Out of Memory) denotes the out-of-memory error
during the training process. From Tables 3 and 4, we can conclude that:
(1) With the varied numbers of selected features, ASFL consistently at-
tains competitive results, validating its effectiveness in multi-view fea-
ture selection tasks. (2) ASFL significantly outperforms the supervised
method and the unsupervised method (i.e., MSFS and BGCFS), indicat-
ing that comprehensively exploiting the discriminative label informa-
tion and the similarity structure of samples indeed facilitates the feature
selection. (3) Compared to the single-view semi-supervised feature
selection method (i.e., SFS-BLL), multi-view methods achieve superior
performance, demonstrating that utilizing consistent and complemen-
tary information among multiple views can enhance the discriminative
of selected features. Moreover, ASFL surpasses other methods in most
cases, highlighting the significance of learning view-to-sample weights
to integrate graphs as well as exploiting the similarity structures in the
projected subspace.

Further, to evaluate the effectiveness of ASFL under different num-
bers of labeled samples, we fix the number of selected features at
20% x d and conduct experiments on small-scale datasets (i.e., Reuters,
COIL20, Leaves, BDGP, Scenel5 and ALOI) and large-scale datasets
(i.e., Mnist and Youtube) by varying the ratio of labeled samples as
{10%,20%,30%,40%} and {1%,2%,3%,4%}, respectively. Fig. 4 records
the experimental results of all methods with different ratios of labeled
samples, and the following conclusion can be drawn: As the number of
labeled samples increases, the performance of ASFL shows significant
improvements, which highlights that utilizing the discriminative label
information indeed facilitates the feature selection process. Meanwhile,
in most situations, ASFL achieves superior results than other feature
selection methods, validating the effectiveness of incorporating the
view-to-sample similarity fusion, bipartite graph learning and the /, -
norm constraint into a unified framework. Additionally, when handling
large-scale datasets (i.e., Mnist and Youtube), most semi-supervised
feature selection methods (i.e., SFS-BLL, MLSFS, MASFS and SMFS)
involve the inversion of n-order dense matrices, resulting in the OM
issues during the optimization procedure. For further analysis, Table 5
displays the computational complexities of ASFL and its competitors,
revealing that the computational complexity of most semi-supervised
feature selection methods scales cubically with the number of training
samples, while ASFL scales linearly with the number of training sam-
ples, making it more efficient to address large-scale tasks. To visually
evaluate the computational efficiency of the proposed ASFL, Fig. 5
shows the running time of each feature selection method versus the
proportion of training samples. We can find that as the number of
the training samples increases, the running time of ASFL and EMSFS
exhibits a different growth trend compared to other semi-supervised
feature selection methods, indicating that constructing the bipartite
graph to measure the similarity between training samples and an-
chors can effectively improve the computational efficiency. Moreover,
although EMSFS can address larger-scale datasets, it overlooks the
impact of outliers within multiple views, thus resulting in poor per-
formance. These results fully validate the superiority of the proposed
ASFL compared to other methods.

3.3. Quantitative analysis of ASFL

Visualization: To visually demonstrate the effectiveness of the pro-
posed ASFL, t-SNE [46] is employed to project the selected features on
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Table 3
Results (ACC + STD %) on testing samples with various numbers of selected features.
Datasets Methods 5%*d 10%*d 15%*d 20%*d 25%*d 30%*d
MSEFS [45] 95.00 + 1.01 97.50 + 0.72 98.19 + 0.94 98.65 + 0.97 98.68 + 1.10 98.79 + 0.91
BGCFS [41] 94.20 + 1.57 97.19 + 1.05 97.64 + 0.76 98.09 + 0.98 98.51 + 1.08 98.61 + 0.88
SFS-BLL [26] 95.28 + 1.44 97.47 + 1.15 98.37 + 0.58 98.58 + 0.57 98.78 + 0.52 98.96 + 0.52
COIL20 MLSFS [28] 97.33 + 1.35 98.44 + 1.06 98.72 + 0.84 98.89 + 0.62 98.92 + 0.55 99.03 + 0.71
MASFS [30] 96.42 + 1.51 97.97 + 1.42 98.28 + 1.31 98.65 + 0.96 98.70 + 1.06 98.68 + 1.14
EMSFS [34] 95.97 + 1.68 97.69 + 1.01 98.24 + 0.83 98.66 + 0.84 98.72 + 0.88 98.82 + 0.82
SMFS [31] 97.57 + 1.11 98.65 + 0.60 99.09 + 0.71 99.31 + 0.45 99.26 + 0.64 99.22 + 0.74
ASFL 97.50 + 1.01 98.96 + 0.96 99.17 + 0.55 99.24 + 0.61 99.38 + 0.57 99.31 + 0.60
MSFS [45] 55.73 + 2.18 61.46 + 2.68 63.54 + 3.33 64.64 + 2.31 64.27 + 1.48 64.95 + 2.14
BGCFS [41] 49.00 + 2.73 55.42 + 1.69 58.79 + 3.02 59.00 + 2.87 62.08 + 2.85 63.25 + 2.19
SFS-BLL [26] 56.63 + 2.16 62.17 + 2.36 64.13 + 2.93 64.92 + 3.60 64.79 + 1.81 65.83 + 2.11
Reuters MLSFS [28] 59.63 + 2.80 62.79 + 1.84 62.33 + 2.63 64.83 + 3.03 65.63 + 2.97 66.58 + 2.83
MASFS [30] 59.46 + 2.82 60.67 + 1.80 61.33 + 2.53 63.96 + 3.14 65.38 + 2.60 65.96 + 2.44
EMSEFS [34] 58.92 + 2.92 62.08 + 2.95 63.75 + 2.51 64.17 + 2.47 66.25 + 2.19 67.50 + 1.27
SMFS [31] 60.88 + 2.51 62.50 + 1.96 64.29 + 1.89 65.71 + 1.55 67.21 + 1.28 67.54 + 1.54
ASFL 61.17 + 1.97 62.58 + 2.99 64.58 + 2.36 65.50 + 1.85 67.25 + 1.95 67.83 + 2.65
MSFS [45] 17.95 + 2.78 37.14 + 3.96 49.69 + 4.11 58.03 + 3.24 63.43 + 3.19 70.31 + 3.37
BGCFS [41] 16.56 + 2.91 35.63 + 4.13 50.81 + 2.95 58.44 + 3.64 65.00 + 3.42 67.19 + 2.50
SFS-BLL [26] 18.21 + 3.13 37.50 + 2.91 51.63 + 2.46 60.31 + 2.50 67.18 + 3.28 70.63 + 3.15
Leaves MLSFS [28] 18.47 + 2.67 40.12 + 2.10 55.12 + 4.32 65.81 + 3.15 73.09 + 4.10 77.19 + 3.03
MASEFS [30] 19.25 + 3.49 40.66 + 4.49 55.86 + 3.64 67.37 + 3.51 73.50 + 3.62 78.00 + 3.30
EMSFS [34] 20.34 = 2.19 48.06 + 2.93 60.47 + 2.58 68.59 + 4.03 73.42 + 4.59 79.41 + 4.22
SMFS [31] 20.47 + 1.39 42.34 + 2.25 56.37 + 3.69 66.58 + 3.41 73.81 + 2.10 78.72 + 2.00
ASFL 22.13 + 2.97 49.34 + 3.01 61.81 + 4.03 69.97 + 2.50 74.56 + 2.68 78.96 + 2.56
MSFS [45] 68.02 + 1.98 71.38 + 1.49 73.50 + 0.61 75.86 + 1.22 78.32 + 1.16 79.12 + 1.54
BGCFS [41] 67.44 + 2.28 72.98 + 2.79 74.08 + 1.16 75.80 + 2.11 77.60 + 3.54 78.40 + 1.78
SFS-BLL [26] 69.06 + 1.42 73.88 + 1.50 75.98 + 2.12 76.82 + 1.96 79.52 + 1.97 80.54 + 1.63
BDGP MLSFS [28] 72.66 + 2.61 77.24 + 2.07 78.94 + 1.88 80.72 + 1.99 81.58 + 1.43 82.54 + 1.89
MASFS [30] 73.44 + 2.44 77.36 + 2.32 79.26 + 2.34 80.88 + 2.43 82.22 + 2.11 82.90 + 2.01
EMSFS [34] 76.06 + 2.44 78.84 + 2.32 80.18 + 2.34 81.36 + 2.43 82.54 + 2.11 83.38 + 2.01
SMFS [31] 74.78 + 1.61 78.42 + 1.37 80.66 + 1.48 81.62 + 1.72 82.80 + 1.76 83.46 + 1.04
ASFL 76.18 + 1.84 78.72 + 1.71 80.24 + 1.69 81.46 + 2.06 83.22 + 1.94 83.65 + 1.55
Table 4
Results (ACC + STD %) on testing samples with various numbers of selected features.
Datasets Methods 5%*d 10%*d 15%*d 20%*d 25%*d 30%*d
MSFS [45] 54.40 + 1.56 62.98 + 1.09 65.89 + 1.46 69.01 + 1.06 69.34 + 1.08 69.68 + 1.13
BGCFS [41] 46.26 + 1.58 60.16 + 1.71 63.88 + 0.87 66.41 + 0.61 68.04 + 1.90 68.56 + 1.93
SFS-BLL [26] 63.61 + 1.20 67.80 + 1.87 69.90 + 3.09 70.96 + 2.63 71.79 = 2.70 72.49 + 2.64
Scenel5 MLSFS [28] 67.29 + 1.33 70.94 + 1.11 71.58 + 1.25 72.07 + 1.27 72.56 + 1.03 72.61 + 1.07
MASFS [30] 67.90 + 2.45 70.96 + 2.10 72.02 + 1.91 72.47 + 1.80 72.62 + 1.86 72.60 + 1.71
EMSFS [34] 70.33 + 2.27 71.29 + 1.99 72.15 + 1.25 72.17 + 1.63 72.80 + 1.60 73.65 + 1.93
SMFS [31] 69.23 + 1.30 72.60 + 1.38 72.27 + 1.16 72.74 + 0.99 73.26 + 1.10 73.43 + 1.08
ASFL 71.91 + 1.37 72.20 + 1.89 72.49 + 2.33 72.98 + 1.93 73.98 + 1.99 74.05 + 1.86
MSFS [45] 17.64 + 3.82 30.69 + 2.06 36.81 + 2.27 46.55 + 2.51 47.45 + 1.65 49.68 + 1.90
BGCFS [41] 1791 + 5.17 29.02 + 3.15 36.62 + 5.51 45.92 + 6.64 51.66 + 4.90 53.51 + 5.72
SFS-BLL [26] 18.20 + 1.32 31.56 + 2.24 39.15 + 1.55 46.85 + 2.19 51.94 + 2.14 55.13 + 1.79
ALOL MLSFS [28] 26.34 + 2.02 35.94 + 1.59 45.37 + 1.76 50.46 + 2.03 54.55 + 3.91 59.53 + 3.61
MASEFES [30] 26.68 + 2.48 36.04 + 2.64 45.68 + 3.14 54.42 + 3.01 60.61 + 4.75 63.14 + 4.93
EMSFS [34] 20.90 + 1.08 43.16 + 0.93 55.89 + 1.04 62.15 + 0.94 65.63 + 0.80 67.05 + 2.92
SMFS [31] 22.53 + 1.62 33.51 + 1.86 44.47 + 1.88 57.07 + 4.04 66.50 + 2.51 67.57 + 2.07
ASFL 34.03 + 1.84 53.43 + 2.60 57.98 + 2.04 61.54 + 1.67 65.95 + 1.52 67.75 + 1.29
MSFS [45] 61.79 + 2.37 70.18 + 0.83 73.80 + 0.82 75.15 + 0.87 76.21 + 1.00 76.96 + 1.13
BGCFS [41] 58.04 + 2.59 69.98 + 1.11 72.91 + 1.09 73.98 + 0.72 75.40 + 1.16 76.74 + 0.64
SFS-BLL [26] oM oM oM oM oM oM
Mnist MLSFS [28] oM oM oM oM oM oM
MASFS [30] oM oM oM OM OM OM
EMSFS [34] 67.94 + 2.26 74.91 + 1.09 75.54 + 1.22 77.16 + 0.98 77.68 + 0.86 79.03 + 0.60
SMFS [31] oM oM oM oM oM OM
ASFL 68.87 + 0.98 74.58 + 1.03 76.69 + 0.74 78.01 + 0.51 78.63 + 0.52 79.26 + 0.44
MSFS [45] 19.19 + 1.72 25.02 + 2.81 29.52 + 3.32 32.97 + 2.52 37.29 + 2.20 40.06 + 2.48
BGCFS [41] 21.01 + 4.05 27.31 + 4.52 37.79 + 3.22 47.00 + 3.56 49.42 + 3.89 53.29 + 3.81
SFS-BLL [26] oM oM oM oM oM oM
Youtube MLSFS [28] oM oM oM oM oM oM
MASFS [30] oM oM oM oM oM oM
EMSFS [34] 42.45 + 1.90 61.08 + 1.99 70.67 + 1.93 74.69 + 1.98 76.06 + 2.06 76.42 + 1.87
SMFS [31] oM OoM OM OM OM OM
ASFL 63.07 + 0.89 70.89 + 1.28 73.95 + 1.81 75.57 + 1.40 75.94 + 1.40 76.87 + 1.21
the subset of ALOI (750 samples from 15 classes) into two-dimensional features. We can observe that the feature subset selected by ASFL
space. Fig. 6 shows the results when each method selects 20% x d can effectively separate samples from different classes (see Fig. 6(h)),
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Fig. 4. Results of each method on the testing data with different numbers of labeled samples.
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Fig. 5. Running time of ASFL and other methods versus the number of training samples.

Table 5
The computational complexity of semi-supervised feature selection methods.

Methods

SFS-BLL [26](2023)
MLSFS [28](2015)
MASFS [301(2020)
EMSFS [34](2023) O(nm? + nd + d?)
SMFS [31](2024) O +n’d + d?)

ASFL On(m + 1 + nd® + d*)

Computational costs

O +n*d + d*)
O +n2d + d*)
O +n?d +d*)

whereas other methods show varying degrees of overlap among sam-
ples (overlaps are emphasized with red circles). This indicates that
ASFL can select discriminative features by leveraging the similarity
structure in the feature projection space as well as learning view-
to-sample weights to coalesce aligned graphs, thereby improving the
performance of subsequent classification tasks.

Robustness: To investigate the robustness of the proposed ASFL
to noisy features, noisy views, and outlier samples within views, the
robustness experiments are conducted by introducing noise into Leaves.

Specifically, two variants of Leaves are designed: Leaves-noise-1, where
64 Gaussian noise features are added to view-3 of the Leaves; Leaves-
noise-2 creates an additional view that contains 64 Gaussian noise
features (i.e., one entirely noisy view named view-4). Fig. 7(a) shows
the experimental results of ASFL across different numbers of selected
features, in which the performance of ASFL on the noisy datasets
(i.e., Leaves-noise-1 and Leaves-noise-2) remains comparable to the
original Leaves dataset, indicating that ASFL can adaptively discrimi-
nate the noisy features and low-quality views during optimization to
enhance the effectiveness of the final feature selection. Meanwhile,
to demonstrate the robustness of ASFL for noisy views, we sum the
columns of the view-to-sample weight matrix 6 to obtain the weight
w, for each view (w, = Y1, 67), and then calculate the relative weight
Y

factor ;= =

on the Leave’sz-lrlt;ise-z, which verifies that the weight of the noisy
view (view-4) decreases significantly in the initial iterations and then
stabilizes at a small constant, highlighting that ASFL can reduce the
impact of noisy views by adaptively learning view-to-sample weights.
Subsequently, to analyze the influence of outliers, we create another

. Fig. 7(b) displays the variation of & ; Over iterations
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Fig. 8. The sample weights versus the number of iterations on Leaves-noise-3.

variant named Leaves-noise-3, where samples in view-3 are outliers
(all features set to —10). As shown in Fig. 8, Fig. 8(a) shows the
weights on a single sample, while Fig. 8(b) exhibits the average weights
of all samples, demonstrating that the proposed ASFL can effectively
discriminate different views/samples and assign appropriate weights
for them, thereby reducing the adverse effects of low-quality samples
and facilitating the subsequent tasks.

Ablation Study: To validate the effectiveness of the proposed adap-
tive graph fusion and learning model, the ablation experiments are
conducted on eight datasets. Specifically, three variants of ASFL are
compared: ASFL-1 directly fuses the similarity graphs that are con-
structed from original space; ASFL-2 solely considers the structure
information in the projected feature subspace and fuses the similarity
graphs at the view level; ASFL-3, which excludes the graph fusion
model and obtains the consistent graph solely from the projected
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Fig. 9. Accuracy of ASFL and three variants when selecting 20%*d features.

subspace. Fig. 9 shows the experimental results of ASFL and its two
variants when selecting 20% x d features (with 3% and 30% labeled
ratio on training samples for large-scale and small-scale datasets, re-
spectively). It can be observed that ASFL significantly outperforms its
variants, confirming that simultaneously learning the adaptive view-
to-sample weights to fuse similarity graphs across views, as well as
exploiting similarity structures in the projected subspace, indeed en-
hances the quality of the similarity graphs, which is beneficial for
selecting the effective feature subset.

Effect of the Anchor Number: To analyze the impact of the number
of anchors on the performance and efficiency, we conduct experiments
on ALOI and Mnist, where the number of anchors varied in the ranges
{1%,2%, ...,9%}xn and {0.2%,0.4%, ...,1.8%} xn, respectively. Fig. 10
illustrates the results, where Fig. 10(a) and (c) show the relationship
between the performance and the number of anchors, and Fig. 10
(b) and (d) represent the time versus the number of anchors. We can
observe that the performance of ASFL remains stable across varying
numbers of anchors, whereas the runtime gradually increases with
the number of anchors, demonstrating that generating an appropriate
number of anchors not only ensures the effectiveness of the selected
features but also enhances computational efficiency.

3.4. Parameter sensitivity and convergence analysis

The proposed ASFL encompasses two regularization parameters: A
and p, in which A controls the smoothness of the predicted label matrix,
and u balances the importance of the regression loss. To assess the
impact of these parameters on the ASFL, we fix one parameter and
record the accuracy as the other parameter varies within the range
of {1073,1072, -..,10%}. Fig. 11 shows the parameter sensitivity of
ASFL on the Leaves and BDGP datasets. As depicted in Fig. 11, when
fixing the number of selected features, the performance of ASFL first
enhances and then decreases with the increase of A. Additionally, ASFL
shows superior performance when u is less than 1, indicating that
the integration of graph learning and label propagation can effectively
enrich the label information and further guide the feature selection.
Moreover, we experimentally analyze the convergence of ASFL, and
Fig. 12 presents the variation of the objective function value versus
the number of iterations. As seen in Fig. 12, the objective function con-
verges quickly within a few iterations across all datasets, demonstrating
the convergence and the effectiveness of the optimization strategy.

4. Conclusion

This paper proposes a novel multi-view semi-supervised feature
selection with adaptive similarity fusion and learning (ASFL) to break
the inherent limitations of existing methods. By learning the bipartite
graphs between samples and anchors, ASFL not only avoids directly
computing the inverse of the n-order dense matrix during the solution
process but also reduces the computational cost of graph learning.
Therefore, the computational complexity of ASFL is O(n(m + 1) +

10
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nd> + d3), facilitating the processing of large-scale feature selection
tasks. Moreover, unlike existing multi-view semi-supervised feature
selection methods, ASFL devises an adaptive view-to-sample fusion
manner to coalesce the aligned graphs while simultaneously exploiting
the similarity structures in the projected subspace, effectively reducing
the interference of noisy features and outliers in graph learning. Exten-
sive experiments validate the effectiveness and superiority of ASFL in
multi-view feature selection tasks.

Despite the advancements of the proposed ASFL method, some
potential directions can be considered in the future: (1) extending ASFL
to address unsupervised multi-view feature selection problems without
the label information; (2) exploring how to select the optimal view from
multi-view data to achieve efficient multi-view data fusion.
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Appendix. Proof of the joint convexity of b, Q and W

Proof. Fixing other variables, the problem of Eq. (8) w.r.t b, Q and
W is:

n m
> Y IWT X, = W% |35, + ull X" W+1,b" —F|1%
i=1 j=1

+ ATr(Q"LRQ)+Tr((Q-Y) U(Q-Y))+ g ID-W+ % [1%

min
QWb

For convenience, we denote the above equation as T(b, G, F, W).
According to the definition of matrix trace, we have:

v [br b7 |
G G G 0
T F,W)=T r -T
b.G.FW)=Tr| g F r( F||2vuy, >
w w wW| |smD+11
where
Ml;lrl,, 0 —/41'71w ﬂlZ;XT
ro| 0 1A —isT 0
T -u1, -1S G+ wl, + U, —uXxT ’
uX1, 0 —uX C+ uXXT + 11,

~ T
and C = [X Z] [_IS”T _:] [X Z] . For an arbitrary vector v = [vy;V,; V3;

V4] c R(]+m+n+d)><l’ where v, € R]xl’ v, € Rmxl’ V3 € Rnxl’ v, € Rdxl’
we have:

vITv = u(v, 1,-v3+ XTv)T (v, 1,-v3+ XTv,)
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|

Considering y and # are positive parameters, U,, C and Ly are positive
semi-definite, we have v’ I'v > 0 is true for any v, proving that I’
is positive semi-definite. Thus, Eq. (8) is jointly convex w.r.t. b, Q
(including G and F) and W, which means that their solutions can be
substituted into each other during optimization processes.

V3

T
n V.
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