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A Novel Data-Driven Physical Iterative
Modeling Approach and Its Application
in Quantum Instrumentation

Bodong Qin"™, Zhuo Wang", Wenfeng Fan

Abstract—This work is the first to solve the data-driven
modeling problem for quantum instrumentation and enables
the model built is interpretable. First, a data-driven physical
iteration (DPI) modeling approach is proposed to solve the
modeling problem of a complex physical system with nonlinear
characteristics based on the dynamic behavior of a quantum
system described by the phenomenological rate equation. Second,
the proposed DPI modeling approach incorporates the fast
sampling technique, which is proved feasible by the Taylor
mean value theorem, to solve the modeling problem of a
nonautonomous system. Third, the convergence of the proposed
approach is proved by the least squares criterion and the
law of large numbers. Finally, the DPI modeling approach is
deployed in the optically pumped magnetometer (OPM) and
spin-exchange relaxation-free comagnetometer (SERFCM), the
physical parameters of the system are estimated while the
quantum instrumentation modeling is completed. Numerical
simulations and practical experiments support the theoretical
results.
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I. INTRODUCTION

UANTUM instrumentations [1] are frontier physical

measurement devices founded on information tech-
nology and quantum physics, for example, atomic clock
[2], optically pumped magnetometer (OPM) [3], and spin-
exchange relaxation-free comagnetometer (SERFCM) [4], [5].
The development of quantum instrumentations with high
precision [6] and small size [7] is important for medical
imaging [8], inertial rotation sensing [9], and magnetometry
[10]. In particular, accurate system modeling is a crucial
problem in quantum instrumentations to enhance the measure-
ment precision, facilitate error suppression [11] and feedback
control [12], [13]. Scholars typically model quantum systems
based on the atomic spin effect in terms of physical mech-
anisms or engineering applications. For instance, the density
matrix modeling approach is based on quantum mechanics
[14], the Bloch equation modeling approach is based on
simplifying the density matrix [15], and the transfer function
modeling approach is based on system identification [16].
These approaches can be particularly effective in specific
situations, but they also have weaknesses. For example, the
density matrix is based on the Hamiltonian formulation,
which is complex and difficult to calculate and solve. The
Bloch equation does not represent the full system dynamics
and is not well adapted to practice because of the lack of
factors, such as temperature term in the equation. The transfer
function is only valid at the equilibrium point and cannot be
worked for complex nonlinear systems. Hence, we need to
discover a modeling approach that is convenient to use and
effectively exploits the properties of complex physical systems
to overcome these difficulties.

Data-driven modeling has been a neoteric system modeling
approach in recent decades [17]. Compared with the traditional
scientific mechanical modeling approach, this approach can
complete the modeling work without any prior knowledge,
such as the neural networks [18], k-nearest neighbors [19],
and support vector machines [20]. However, applying a data-
driven approach to accurately model complex physical systems
often requires data from multiple processes [21], and the
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dataset for each process is commonly relatively large [22].
This situation undoubtedly increases the complexity of the
practical application, especially for quantum instrumentations
requiring miniaturization. When confronted with this type
of problem, some scholars suggested solutions based on
selecting the appropriate dataset [23], determining the optimal
modeling parameters [24], and choosing the proper modeling
approach [25]. Although the above approaches are practical,
the models still suffer interpretability [26], especially in
describing the dynamic evolution of complex physical systems
[27]. Therefore, combining the ability of data-driven exploit
system characteristics with the interpretability of physical laws
for system modeling has become the key to solving such
problems. In this article, we present a data-driven physical
iterative (DPI) modeling approach for solving complex phys-
ical system modeling problems using finite datasets, which
can be combined with physical laws to uncover the intrinsic
mechanisms of the system. This approach allows theoretically
bridging the gap between theoretical and practical models
to analyze the evolutionary processes of complex physical
systems comprehensively.

The significant contributions of this article are listed as
follows. First, this article is the first to solve the data-driven
modeling problem in quantum instrumentation, which fills
the gap in data-driven modeling approaches. Second, based
on the fast sampling technique, a DPI modeling approach is
proposed to solve the modeling problem of a nonlinear system.
This approach combines prior physical knowledge and engi-
neering experience to ensure that the model is interpretable.
Third, the convergence of the approach under different noise
interference conditions is proved based on the least squares
criterion and the law of large numbers. Finally, simulations and
experiments verify that the approach is effective in quantum
instrumentation. The effectiveness of the proposed approach
lies in the following aspects: 1) the excitation signal is
self-designed, which breaks the limitations of the traditional
quantum instrumentation modeling approach [16]; 2) this
approach, which is suitable for nonlinear nonautonomous
systems, exhibits higher accuracy and smaller error in the
experiment when compared with the approach in [28]; and
3) in the proposed approach, all unknown system parameters
can be online estimated simultaneously, which is superior to
the parameter measurement of traditional physical experiments
[29], [30], [31].

The remainder of the work is organized as follows. The
model foundations, including physical and control models
of quantum system, are given in Section II. The algorith-
mic framework and implementation of the DPI modeling
approaches are developed in Section III. The convergence
analysis of the proposed approach is given in Section IV. The
simulation and the experiment are presented in Sections V
and VI, respectively. Finally, Section VII concludes this
article.

This article utilizes the standard mathematical notations. Let
R denote the set of real numbers, KJr denote the set of non-
negative numbers, A~! represents the inverse of the matrix A,
AT represent the transpose of the matrix A, || - |2 denote the
Frobenius norm, [-] denotes upward rounding.
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Fig. 1. Structure of the quantum system. LCVR: liquid crystal variable
retarder, PBS: polarizing beam splitter, DAQ: data acquisition system, and
PC: personal computer.

II. PROBLEM DESCRIPTION AND PRELIMINARIES

In this section, the physical model of quantum system based
on atomic spin effects is described and turned into a nonlinear
nonautonomous system with multiple inputs and outputs.

A. Quantum System Description

The quantum system generally comprises a spherical glass
gas cell containing single or multiple species of atoms,
magnetic coils, an oven, and lasers. The system polarizes
specific atoms with a pump beam and measures their spin
polarization by probing beams. The physical equipment used
to generate the experimental data is shown schematically in
Fig. 1.

In the spherical glass gas cell, we typically monitor the spins
of 10!2 — 10 or more atoms, each of which can be depicted
by a wavefunction. However, if we wish to model the time
evolution of the ensemble of atomic spins, it is impossible to
model the evolution of so many independent wavefunctions.
Instead, we require another approach of determining the
statistical average of the spin operator. Therefore, we describe
the state of the ensemble of spins using the phenomenological
rate equation, which can be written in a general form as

d S i S S-S

d_t —7—1[%, 1= Riot - (S — So)- (H
Here, § =[Sy, S), SZ]T represents the spin polarization of the
atoms in the coordinate system (x,y, z), ranging from 0 to 1
in each direction. The term Ry denotes the relaxation rate
of the atoms, and So = [Sx0, Sy, Sz0]T signifies the steady-
state polarization, reflecting the interaction between light and
atoms. The symbol [-, -] designates the commutator operation.
The Hamiltonian H describes the coupling of the electron spin
to a magnetic field and is expressed in the rotating frame as

H=yhB-S+he-S. 2)

Here, y is the gyromagnetic ratio. A is the reduced Planck
constant. B = [By, By, B,]T and 2 = [22,, 2,, 2] are the
magnetic field and angular rate felt by the atoms, respectively.

Equations (1) and (2) only represent the dynamic behavior
of single species atoms. However, quantum instrumentations
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frequently contain different species of atoms, i.e., the dimen-
sionality of the differential (1) increases exponentially. At
this point, the interactions between atoms become excep-
tionally complex, and the system exhibits solid nonlinear
characteristics. Moreover, the atomic spin dynamics equations
described using the laws of physics are universal and cannot
be better applied to practical working situations. This makes it
challenging to accurately describe the practical systems with
physical models.

B. Control System Description

In response to the problem discussed in the preceding
section, this section describes practical quantum systems as
unknown nonlinear nonautonomous systems with multiple
inputs and outputs, aiming to fully explore the intrinsic
mechanisms of quantum systems, as follows:

x() =f(x,u,r

where f(x,u,f) : R" x R” x R — R”" is a smooth mapping
following the standard notation; the state x(f) € R"” and input
u(t) € R™ of above system defined as follows:

te Ry (3)

x1(2) uy (?)
x2(2) u (1)

x(1) = .|, u= e 4
X (1) U (1)

Consider a fixed time interval [0, 7] and an equally spaced
partition 0 = 1) < #j < b < --- < ty = Ty. Based on
the Euler method, we can obtain the discrete model of the
nonlinear system as follow:

X(tkr1) = x(tp) +fxe(te), uty), ) AT %)

where AT = tp41 —t, Kk =0,1,..., N — 1 is the discrete
time.

III. DATA-DRIVEN PHYSICAL ITERATIVE MODELING
APPROACH

Considering the theoretical model (1) and the practical
model (3) of the quantum instrumentation, we can design
a high-precision detection module, which utilizes the bire-
fringence and light absorption effects to capture the atomic
spin polarization state x(f), and at the same time, uses the
photoelectric converter and data acquisition system to obtain
the system input u(f). Furthermore, we can define the input
library matrix as follows:

c =[1,u" (), c(u )] (6)

where the elements in the matrix c(uT(f)) cover all possible
nonlinear input forms in the system, such as c(uT(t)) =
[sin(u1 (7)), (w2 (D)3, ...]. Similarly, the state library matrix is
defined as

g1 = [x" 1, g(x"(®)] (7)

where the elements in the matrix g(,vcT (1)) cover all possible
nonlinear state forms in the system.
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Based on (6) and (7), we can always construct the discrete
model (5) for nonlinear nonautonomous systems as follows:

X(ter1) = 0(t)ex (), u(te), I1x1) 8

where 0(fy) € R™ (j > n(m + 1) — 1) is defined as the
parameter matrix of the system; and e(x(t), u(t), I1x1) € R/
is defined as the nonlinear combinatorial matrix of the system
as follows:

e (), u(t), Tix1) = [C(1) ® G(t), Ix1]" )

where I, represents the identity matrix and ® denotes the
tensor product.

A. Autonomous System

Before delving into nonautonomous system modeling, we
start by modeling and analyzing autonomous systems. In this
circumstances, the parameter matrix 0(#;) is independent of
time, i.e., @(t;) = 0, then (8) can be written as

x(ter1) T = ee(te), u(ty), I1x1) "0

Given the initial value u(ty) and x(z), iterate p times based
on the above equation and the following matrix equation can
be constructed

x(m) e(e(tp-1).u(tp-1). Trcr) |

x(tp-1) (eltp-2). ultp-2).1 ) [

(10)

(1)

e(x(10), u(to), I1x1)"

where the left side of the equation represents the system state
iteration matrix and the first matrix on the right represents
the system nonlinear combinatorial iteration matrix. For con-
venience, (11) is written as

x(i)T

X, =Ey0". (12)

Thus, the challenge of modeling and identifying an
unknown nonlinear system translates into solving the matrix
0T, Next, we will analyze this in three cases.

Case I: Rank(Ep) = Rank(E,, X,) =p < j:

Definition 1 (Generalized Inverse of a Matrix): There is a
matrix E; € R/*P defined as a generalized inverse matrix
of E,, which satisfies 0T = E;XI,. If the matrix (12) has
solutions, i.e., Rank(E,) = Rank(Ep, X,,) holds.

Based on Definition 1 and [32], the estimates of the param-
eter matrix is analyzed in the following lemma.

Lemma 1: Let E; be the generalized inverse matrix of Ep,
then the general form of the estimated value of the parameter
matrix in matrix (12) can be expressed as

o~

07 = E, X, + (Ixj — B, Ep)Z (13)

where Z € R/*" is an arbitrary matrix.
Proof: Multiply both sides of (13) by E, on the left, we
have
5 _ _
Ep8" = By, X, + Ep (L — By By )2

~ B,E, X, (14)
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From Definition 1, there exists the equation 0T = E, X,,
and hence (13) is the general solution of (12).

Also, if 07 is an arbitrary solution of (12), let Z = " —
E, X, and we get

(L — By Ep)Z = (Lns — B, B, ) (67 — E, Xy
5 _ _
— 60" —E, X, —E, X, +E, X,

l

—

15)

then (13) holds. This completes the proof of Lemma 1. |
Case 2: Rank(Ep) = Rank(E,, Xp) = p = j:
In this case, Ej, is a full rank square matrix, i.e., there exists
a unique invertible matrix E,’ ! of E,. Therefore, the system
parameter matrix can be directly estimated as

0" =E,'X,. (16)

Case 3: Rank(Ep) = j < Rank(Ep, Xp) < p:

Definition 2 (The Least Squares Solution): We define 0T Is aS
the least squares solution in (12), if We can make it satisfy
IX, — E,0T[1,> = min || X, — E,0"l,>. When the matrix (12)
has no solutlon i.e., Rank(Ep) ;é Rank(Ep, X,).

By Definition 2 and [32], the estimates of the parameter
matrix is analyzed in the following lemma.

Lemma 2: There exists a unique least squares solution 0T

(E;Ep) E;Xp as the estimate of the parameter matrix in
(12) if it satisfies Rank(Ep) # Rank(Ep, X,).
Proof: First, we define the cost function as

~ 2
= |yt

T 0T T Tr ol | pTETE ol
=X,Xp -0 E, X, —X,E,0 +0 E E,0". (17)
This cost function is a concave function with 8T variable
over the entire interval of real numbers and it is minimized
only when @1 approaches the least squares solution point.
Thus, the optimization process can be designed as follows:
8 -~
Mo E, X, + 2E,E,6".
90"
Next, the least squares solution to (12) is obtained when the
above equation is zero as

(18)

E E,0" = E X,. (19)

Finally, it follows from (9) that E, is a column full rank

-1
matrix, i.e., (E;Ep) exists. At this point, the least squares
solution of (12) has a unique value and is defined as an
estimate of the system parameters, as follows:

~ —1

T T T

o7 = (EI,EI,> EIX,. (20)
This completes the proof of Lemma 2. |
In the end, the discrete expression of the quantum system

after modeling and identification is as follows:

xX(ter1) = e(x(t), ut), Iix1).

In numerical computation, the singular value decomposi-
tion [33] is typically used to compute the generalized inverse

2L
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Algorithm 1 DPI Algorithm for Autonomous System

Input: The set of the sampled data {x(p), u(p)}.

Output: The estimate of the parameter 6';

1: Specifies the initial number of iterations p = 1.

2: while p < N(N is the size of the sample data) do

3:  Collect sampled data {x(p), u(p)};

4:  Establish nonlinear combinatorial data sets
e(x(tp), u(tp), I1x1) in (9);

5:  Establish iterative data matrix X, and E, in
(11) and (12);

6: if p < j then

7: Calculate and update the estimated system
parameter matrix 07 in (13);

8: else if p =

9: Calculate and update the estimated system
parameter matrix 07 in (16);

10: else

11: Calculate and update the estimated system
parameter matrix 07 in (20);

12: end if

13: Increase p by 1;
14: end while
15: return 07;

of a matrix. Therefore, the time complexity of the whole
algorithm can be expressed as O(min(p?j, pj*) + pjn), and its
main steps are summarized in Algorithm 1.

B. Nonautonomous System

In practical working conditions, the quantum instrumenta-
tion is typically a nonautonomous system with its parameter
matrix 6(#;) being a function of time. Consequently, (8) can
be expressed as

x(ter1) T = eCe(te), u(te), 1) 01"

Based on the application of the DPI algorithm in
autonomous system, a fast sampling technique is given to solve
the problem of online updating of system parameters. First,
the following theorem is presented.

Theorem 1: For a system parameter matrix 0T(t) in (8)
that varies slowly with time ¢, if ||00()T/dtll, < « holds,
where the constant x represents the parameter rate of variation
boundary. Then there exists a time interval 7 > 0 such
that within [#,,t, + T], for any given ¢ > 0, we have
167 @) = 0T (t)ll2 < e.

Proof: Following Taylor mean value theorem, the parameter
matrix 07(7) has higher-order derivatives in the time interval
[ty ty + T, then for any 7, > 0, there is a first order Taylor
expansion as

(22)

0T =0T, +

(t—tm) +o(t—ty)

30T (1)
T (23)

where o(t — t,,) is a higher-order infinitesimal, and so

30T (1
ot

|wWo—0W%mz—n (t — tw) +0(t — tw) 2
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30T (1)
< a7 2@t — tm)+llo(t — tm)l2
< kT+]lo(T)||>. (24)

Thus, for any given ¢ > 0, there always exists a time interval
T that satisfies |07 (1) — 0Tt |2 < e.

This completes the proof of Theorem 1. |

Corollary 1: Let 87 (z) represent the parameter estimate
obtained by applying Algorithm 1 to system (22) within the
time interval [tyy1 — T, tx+1], where (tx4+1 > T). Then, the
error in system parameter estimation can be expressed as e =
16 (1) — 6T @)l2 < e

Proof: Based on Lemma 2 and Theorem 1, we can obtain
the cost function in the time interval [tx1—T, ;1] as follows:

J= HX,, - Epé:r(tk) H2 = min|[X, — E,0"|,

<1 B - D, < Bl @)

Therefore, we can derive the following error function:
e= 1071 — 8T @)l2 < 107(1) — 0" (11 = Dll2 < &. (26)

The proof is completed. |
Finally, the discrete form of the quantum system, after
nonautonomous modeling and identification, is as follows:

x(tir1) = 0(t)e(x(t), u(tr), I1x1). 27)

With the proliferation of high-speed analog-to-digital
converters (ADCs), high-speed processors, and memory tech-
nologies, we can sample input and output signals from the
system at higher frequencies and store these measurements,
thereby facilitating accurate estimation of the system param-
eter matrix over a time interval 7. The new sampling period
is denoted as t (r = [AT/s], where s is a positive inte-
ger). Consequently, the time complexity remains bounded by
O(N(min((T/7)%j, (T/7)j%) + (T/7)jn)), where N represents
the number of parameter estimation. It is important to note
that the time interval between two consecutive estimations of
the parameter matrix 6 (#;) remains AT. The detailed steps are
elaborated in Algorithm 2.

IV. CONVERGENCE ANALYSIS

This section presents a detailed convergence analysis of
the DPI algorithm for modeling both autonomous and nonau-
tonomous systems. Moreover, it takes into full account
the impact of noise interference in practical working
environments.

A. Autonomous System Without Noise Interference

The convergence analysis of the proposed algorithm in the
autonomous system without noise interference is presented in
the following theorem.

Theorem 2: Based on the different forms of parameter
estimates (13), (16), and (20) obtained by the DPI algorithm
in the autonomous system (10) for cases 1, 2, and 3. The
parameter estimates of the proposed algorithm converges
completely when the number of iterations satisfies p > j in

5671

Algorithm 2 DPI Algorithm for Nonautonomous System
Input: The set of the sampled data {x(k), u(k)}.
Output: The estimate of the parameter 87 (k);
1: Specify initial sampling number k = 1;
2: Establish nonlinear combinatorial data

sets e(x(k), u(k),I1«1) in (9);
3: while k < T/AT do
4: Specifies the initial number of iterations p = 1

and data length Ny =k - AT /t;

5: Collecting the sampled data {x(p), u(p)};

6: Running Algorithm 1;

7:  Increase k by 1; . .
8: Return the estimated parameters 0T (k) =07,
9: end while

10: while T/AT < k < N do

11:  Specifies the initial number of iterations p = 1
and data length Ny = T/t;

12:  Collecting the sampled data
{x(k—T/AT),...,x(k—T/AT + p)} and
{futk —T/AT),...,utk —T/AT +p)};

13:  Running Algorithm 1;

14:  Increase k by 1; . .

15:  Return the estimated parameters 0T (k) =07,

16: end while

17: return 07 (k);

the environment without noise interference, and the parameter
estimate is given by

o~

0T =E'X;. (28)

Proof: Since the system parameter # does not varies with
time, the following equation always holds, as:

x(’P)T = e(x(1p-1), u(tpfl)vllxl)ToT

where p represents the number of iterations. If p = j, based
on (11) and (12), we have

X;=E;j0".

(29)

(30)

From (16), the system parameters can be uniquely estimated,
and these parameter estimates are equal to the true values
because there is no noise interference in the system

0T T —1
0}:0 = E'X;. (31)
Similarly, if p > j, based on (11) and (12), we obtain
x(tp)T e(x(tp-1), u(tp—l)»llxl)T
: = : 0T.  (32)
Xj Ej

Based on Definition 2 and Lemma 2, in this case, the esti-
mated system parameter values need satisfy

~p 2
%, E7| | = minx, - BT, 63

In an environment without noise interference, the system state
at each moment strictly adheres to (29), resulting in a least

squares solution for the system parameters as 0; =07
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Therefore, the parameter matrix estimation of the
proposed algorithm for the autonomous system without noise
interference can be expressed as

-~

0T =0" =E'X;. (34)

This completes the proof of Theorem 2. |

B. Autonomous System With Noise Interference

In practical working conditions, quantum instrumenta-
tion typically employs bandpass filters to mitigate noise
interference within specific frequency bands. Nevertheless, it is
imperative to acknowledge that the influence of measurement
noise remains inevitable. Therefore, it is necessary to analyze
the convergence of the algorithm in this case.

Assumption 1: The measurement noise in quantum instru-
mentation consists of uncorrelated sequences of stochastic
variables, each having an expected value and variance, and
they all share a common upper and lower bound.

Assumption 2: Nonlinear transformations and combinations
of measurement noise do not destroy the boundedness of the
expectation and variance of each stochastic variable in them.

First, based on Assumptions 1 and 2 and (12), the
autonomous system with noise interference can be expressed
as follows:

* _ T
X, =E,b (35)
where X;,“ =X, + WYX represents the observed system state
iteration matrix, and EI’,“ = EI, + WI; signifies the observed
system nonlinear combination iteration matrix. The observed
noise iteration matrix is defined as follows:

RZ (fp)T T [wn) wi(tp) ]
Wg — . — . .
Lwee)™ ] L) wi(t) |
[ we (tP)T 1 [wels) we(tp) ]
We=| : |=| : - | ce
Lwe)™ ] Lwban) wh(t1) ]
Here, {wi(t1),wi(t2),...,wi(t)} (for 1 < r < n) and
{Wh(t)), wh(t2), ..., whz,)} (for 1 < t < j) represent

sequences of uncorrelated stochastic variables, respectively.
The expectations and variances of each stochastic variable
wi(t) and wé(tk) exist and share identical upper and lower
bounds within their respective sequences.

Further, the following theorem presents a convergence
analysis of autonomous systems with noise interference.

Theorem 3: Based on the DPI algorithm in cases 1, 2, and
3, we have derived different forms of parameter estimation
(13), (16), and (20) for an autonomous system (35) with
noisy interference. The parameter estimation of the proposed
algorithm converges as the number of iterations p — oo.

Proof: Based on Definition 2 and Lemma 2, when p > j,
the parameter estimate for (35) is as follows:

—~ 2
0= argn})in HX;,k —E;OTH2 ) 37)
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Further, the least square solution can be obtained as
~ -1
T _ * T s * T yrk
o7 = (Ep Ep) E"X:. (38)
We can decompose (38) into two parts, denoted as

14
E'ES =EJE, + Y we(towe(n)"
k=1

P
+ Y e((ti1), ut—1), T )we (i)
k=1

)4
+ ) wete(e(ti), u(te—1), Tix1)"
k=1

(39)
and

p
EXs = EyX, + > wo(towe(t)"
k=1

p
+ ) eGe(te-n). u(ti—1). L)Wt
k=1

P
+ ) we(x()" (40)
k=1
Applying Chebyshev’s inequality and the law of large

numbers [34] to (39) and (40), respectively, we obtain

1 1
lim P<‘—(E*TE*) — —F;;
N p “p), .
pP— p il p

> oci,l) =0 (41)

and

. 1 * T gk 1
pll)rgoP< ;(EI, Xp) M| > Bup) =0 (@)
Here, « € R/ and B € R/*" are matrices whose elements
are arbitrarily positive number. The other terms in (41) and

(42) are defined as follows:

g:h

14
F=EE, +) EW.(tw.t)")
k=1
p

+ Ze(x(tk—l), w(tr-1), Iix)E(we (1))

k=1

14
+ Y Ewe(t)e@(tn), ut—1), Lix)'  (43)
k=1
and

p
M =E X, + ) E(w.(t)w:t)")
k=1

p
+ ) eGete-1). ute—1). T DE(wx(to)")
k=1

P

+ Y Ewet))x(n)". (44)
k=1

Considering the correlation between the various nonlinear

combinations chosen, we can express each element of the

second term on the right-hand side of (43) and (44) as
E(wiowl () = E(wiao) - E(wh(wo)
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+ Cov (w;(tk), wé(tk))
< E(wWi(t)) - E <Wé(fk))

4/ Var(wi (1) - Var(wl () (45)

and
E(wSuowhan) = E(wiwp) - E(whto) )
+ Cov (w10, whtw))
< E(wi@w) - E(wh())

[ Var(wE @) - Var(wh(n). (46)

Based on Assumptions 1 and 2 and (45) and (46), it
becomes evident that matrices F and M exist and are bounded.
Consequently, by utilizing (41) and (42), we can affirm that
the parameter estimation matrix converges with a probability
of 1 as the number of iterations p — oo, denoted as

lim P< > (a—lﬂ) ) —0. (47
p—>00 ih

This completes the proof of Theorem 3. |

The above theorem indicates that in autonomous systems
with noise interference, the proposed algorithm converges
to the true value as the number of iterations p tends to
infinity. However, performing an infinite number of iterations
is impractical in real-world applications due to the resulting
infinite extension of computational time.

To enhance computational efficiency in engineering appli-
cations, termination conditions are essential. These include
halting the algorithm when the iteration count exceeds a
threshold z or when the Frobenius norm between parameter
matrices from consecutive iterations falls below a threshold
0. These procedures significantly reduce computational time
while maintaining solution proximity to the true value.

o~

071~ (F_IM)

i,h

C. Nonautonomous System Without Noise Interference

The convergence analysis of the DPI algorithm in the
nonautonomous system provided without noise interference in
the following corollary.

Corollary 2: Based on Algorithm 2 and Theorem 2, the
convergence analysis of the proposed DPI algorithm for
modeling nonlinear nonautonomous systems without noise
interference can be categorized into the following four cases:
1) if T > (T/j), the algorithm does not achieve convergence
over all time steps; 2) if T < (T/j) and T < AT, then the
algorithm achieves convergence over all time steps; 3) if 7 <
(AT/j) and AT < T, then the algorithm achieves convergence
over all time steps; and 4) if (AT/j) < t < (T/j), then
the algorithm achieves convergence within the time interval
[VAT, NAT], where v = [j(t/AT)].

Proof: If © > (T/j), based on Theorem 1, fast sampling
technique and Theorem 2, we can readily conclude that the
proposed algorithm does not converge over all time steps.

If t < (T/j), utilizing Algorithm 2 and Theorem 2, we
observe that the estimation of the parameter matrix 6(f)
converges within any time interval [fx+1 — T, tx+1].
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For case 2, when AT > T, it is clear that 41 — T > 0
holds, and thus the time interval [#44+1 — T, tx+1] covers each
estimation of the parameter matrix. We can conclude that the
discrete model obtained using the proposed nonautonomous
modeling approach converges completely.

For case 3, when 7 < (AT/j) and AT < T, based
on Algorithm 2 and Theorem 2, we can conclude that the
estimation of the parameter matrices 6(f;) converges within
the time interval [fx41 — AT, t;4+1]. Moreover, the con-
dition 41 — AT > 0 always holds, ensuring that the
estimates of the parameter matrix converge over all time
steps.

For case 4, when (AT/j)) < t =< (T/j), based on
Algorithm 2 and Theorem 2, the estimation of the parameter
matrix 6(#;) converges in the time interval [fxy1 — jT, tg41]-
Since time is always non-negative, the condition #z+; —jr > 0
is satisfied. Therefore, the time interval over which the
parameter matrix estimates converge is [VAT, NAT], where
v =[j(z/AD)]. u

Based on the above citation, while theoretically minimizing
t for achieving convergence at all time steps is possible,
practical applications necessitate the consideration of hard-
ware performance limitations. These include the sampling
rate constraints of the ADC, as well as the processing time
limitations of the processor (T, < AT, where T, represents
the computational time of the processor for a single estimate
of the parameter matrix).

D. Nonautonomous System With Noise Interference

According to Theorem 3 and the termination condition, it is
assumed that in the worst case, the estimation of the parameter
matrix needs to reach at least z (z > j) iterations before
the proposed DPI algorithm can be considered converged.
Combined with Corollary 2, we can derive the following
corollary for analyzing the convergence of nonautonomous
systems with noise interference.

Corollary 3: Based on Theorem 3 and Corollary 2, we
consider the worst-termination condition and analyze the
convergence of the proposed DPI algorithm for modeling
nonlinear nonautonomous systems with noise interference,
which can be divided into the following four cases: 1) if 7 >
(T/z), the algorithm does not achieve convergence over all
time steps; 2) if t < (T/z) and T < AT, then the algorithm
achieves convergence over all time steps; 3) if T < (AT/z)
and AT < T, then the algorithm achieves convergence over all
time steps; and 4) if (AT/z) < t < (T/z), then the algorithm
achieves convergence within the time interval [sAT, NAT],
where s = [z(t/AT)].

Proof: This nonautonomous system modeling process uses
Algorithm 2. The distinction from Corollary 2 is the selection
of a critical number of iterations z, which satisfies z > j.

The proof follows the pattern of Corollary 2 and is omitted
for brevity. |

Compared to Corollary 2, modeling nonautonomous
systems with noise interference places higher demands on
hardware performance to achieve algorithm convergence
over all time steps. Hence, for practical applications, it is

Authorized licensed use limited to: Hangzhou Normal University. Downloaded on August 28,2024 at 10:16:40 UTC from IEEE Xplore. Restrictions apply.



5674

Magnetic Shields «

N
Ferrite Shields . "\
N

Transimpedance
Amplifier
Lock-in Amplifier

Data Acquisition

Magnetic Coils <, .

N2

Film heater ~.
Oven ~

System
PD2 I
By
PD3 B, Function
' |Z GL1 B,| Generators

Laser power M2 .
Controller2 | mm Polarizer

m LCVR 2

= Polarizer

X
Probe Laser
y z

Fig. 2. Structure diagram of quantum instrumentation.

recommended to conduct an initial hardware assessment to
determine an appropriate fast sampling time t.

V. SIMULATION VALIDATION

The proposed approach is validated for quantum instru-
mentation through numerical simulations of an optical pump
magnetometer, implemented in MATLAB (R2020b), which
relies on magnetic resonance for magnetic field measurements.
Fig. 2 illustrates the structure diagram.

The dynamic evolution of the OPM system is depicted by
(1) and (2), expandable as follows:

ES =yB xS — Ry - (S — So).
dt

Here, § = [Sy, Sy, SZ]T denotes the spin polarization of the
atoms. B = [By, By, B.]T represents the magnetic field felt by
the atoms, where B, = By is the magnetic field to be measured
in the z-direction, and By, = 2Bjcos(wr) signifies the AC
excitation field applied in the y-direction with frequency w.
Additionally, y stands for the gyromagnetic ratio, Ry =
[Ra, Ry, Ri]T denotes the relaxation rate of the atoms, and
So = [0, O,RP/R1]T signifies the steady-state polarization,
where R, is the pump rate of the pump beam.

(48)

A. Simulation Step

In practical operation, the limitations of the optics inevitably
introduce pumping effects of the transverse probe beam on
alkali metal atoms. In theoretical modeling (48), directly
decoupling the measured longitudinal magnetic field from the
nuclear magnetic resonance effect is intricate. To simplify cal-
culations, a rotating coordinate system (x’,y’, z) with angular
velocity w is necessary. Here, is a simulation model of the
dynamical evolution of atoms

d
&S/ =Ux S/ — Rtot . (S/ — SZ))

49)
Here, S’ = [Sy, Sy, S;I” is the polarization of alkali metal
atoms in the x'-, y-, and z-direction. U = [0, ¢, Aw]” is
the system input, where ¢ = yBj represents the amplitude
of the AC excitation field, and Aw = yBy — @ denotes
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TABLE I
PARAMETERS OF THE OPM SYSTEM

Parameter ~ Nominal Value Parameter ~ Nominal Value
Ry 1.89 x 10°s~1 Ry 1.57 x 103571
R 1.89s71 Ry 0.63s7!

Ry 942.48 57! By 0.1nT

the frequency difference between the Larmor precession
of alkali metal atoms and the AC excitation field. S; =
[Rinx/R2, Ry /R2, Rp /Rl]T is the steady-state polarization.

In this simulation, Rb atoms were selected as the alkali
metal species, characterized by a gyromagnetic ratio of y =
27 x 28 HznT~!. Remaining system parameters were deter-
mined from independent physical experiments, as detailed in
Table I. To showcase the flexibility of input signal selection
in our modeling approach, system input signals Aw and ¢
were defined as random signals generated using the ‘rand()’
function in MATLAB.

B. Autonomous System Modeling

Alkali metal atoms exhibit rapid response rates, and to
efficiently investigate their properties, we select discrete time
intervals of AT =5 x 10™* s and data lengths of T = 0.1 s.
Based on the operating principles of the OPM, we can choose
the following nonlinear combinatorial matrix:

Sy (t)

Sy (tr)

Sz (t)
Aw(ti)Sy ()
Aw(t)Sy ()
Aw () S, (1)

& (1) Sy (tr)

& (t1)Sy (tr)

(1) Sz (1)
1

e(S(t), ulty), I1x1) = (50

The initial 70% of the total data obtained from the simula-
tion is utilized for model training. Utilizing Algorithm 1, the
resulting system parameter matrix is estimated as follows:

0.215 0.000 0.000

0.000 0.215 0.000

0.000 0.000 0.058

0.000 —5.00 x 107 0.000

g7 _ | 5:00x 10* 0.000 0.000

- 0.000 0.000 0.000
0.000 0.000 5.00 x 1074

0.000 0.000 0.000

—5.00 x 107* 0.000 0.000

| 942 x107* 3.4 x 1074 0.471

(51

The rotated coordinate system (x',y’,z) is utilized for
the theoretical model (48), while our developed DPI model
predicts the remaining dataset. Simulation results in Fig. 3
validate the effectiveness of the proposed modeling approach
in bridging the gap between theoretical and practical models.
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Fig. 3.  Model output comparison for the autonomous system in the OPM

system.

Based on the existing theoretical knowledge (48) and
the chosen nonlinear combinatorial matrix (50), the system
parameter matrix in the theoretical model can be derived as
follows:

1 — Ry AT 0 0
0 1 — Ry AT 0
0 0 1 — RIAT
0 —AT 0
T AT 0 0
0 = 0 0 0 (52)
0 0 AT
0 0 0
—AT 0 0
|0 0 R,AT

Combining (51) and (52) allows concurrent estimation of
specific physical parameters in the practical system during
modeling. To validate these estimates, ten experiments were
conducted using an Intel Core i9-10900K processor with
varying initial conditions, yielding an average computation
time of 0.00067 s. Fig. 4 illustrates the convergence of
parameter estimation to the set values after the 10th iteration.
A comparison between (51) and (52) reveals two missing
elements in the calculated theoretical parameter matrix. By
incorporating the designed nonlinear combinatorial matrix
(50), we rectify the theoretical model (48) as follows:

d

dr
where S§ = [Vi, V2, R,/R1]. The physical interpretations
of parameters V| and V, require further elucidation through
experimental validation coupled with theoretical insights.

S=yBxS—Ro- (S-S (53)

C. Nonautonomous System Modeling

Consider the following parameter change process:

94248 s Oms < 1 <30 ms
Ry(tr) = { 1319557 30ms < # <70 ms (54)
1696.5s~! 70 ms < #, < 100 ms.

. 1 L | L L L
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Iteration times

Fig. 4. Parameter estimation for the autonomous system: Solid lines indicate
the estimated system parameters for different initial polarizations and dashed
lines indicate the set values of the system parameters.
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Fig. 5. ModelModel output comparison for the nonautonomous system in

the OPM system.

This process extends the autonomous system by incorpo-
rating three distinct sets of system parameters, all of which
remain the same as those of the autonomous system except
for the varying pump rates.

Upon completing the modeling of the autonomous system
using the DPI algorithm, we secure convergence at all time
steps by employing a stabilization time of 7' = 1 x 1074, s and
a high-fast sampling rate of F?lg = 1 x 10°, Hz in accordance
with Corollary 2. Following this, Algorithm 2 is utilized for
modeling the nonautonomous system.

Fig. 5 presents results for the system output from the
simulation model, theoretical model, and our developed DPI
model. Our approach adeptly addresses the challenge of
modeling nonautonomous systems, particularly acquiring real-
time physical parameters without disturbing the operational
state of quantum instruments in practical applications.

The system is modeled under varying conditions of stabi-
lization time and fast sampling rate to validate the effectiveness
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Fig. 6. Parameter estimation and corresponding computational time for
nonautonomous systems in the OPM system.

of the algorithm. Corresponding system parameters are dis-
played in Fig. 6.

During this simulation, changes in the pump rate occur
within discrete time intervals. An excessively extended sta-
bilization time renders the proposed algorithm incapable of
accurately modeling the system state during rapid fluctuations
in system parameters. To address this challenge in practical
applications, choose shorter stabilization times and larger fast
sampling rates whenever possible.

Furthermore, Fig. 6 presents the calculation time for each
iteration of Algorithm 2. During the initial phase of algorithm
operation, factors, such as Just-In-Time compiler optimiza-
tions, memory management, and cache effects, contribute to a
longer calculation time. As the algorithm operates, the calcu-
lation time significantly reduces. Since the matrix dimensions
solved in each subsequent iteration remain constant, the calcu-
lation time remains nearly unchanged. It is important to note
that this specific variation in calculation time is independent of
the time complexity of the algorithm itself. Thus, in practical
applications, we can mitigate this unfavorable phenomenon by
preheating the hardware and software in advance.

VI. EXPERIMENTAL VALIDATION

In this section, we utilize the DPI modeling approach for
the SERFCM. Fig. 2 illustrates the structural diagram. The
dynamic behavior of the system is described based on (1)
and (2)

- Rt RS,

dPn n n ne

W =U XP"—Rtot(Pn—Pg)—FRse(Pe—Pn). (55)
Here, P¢ = [Pf;,P;,P;]T and P" = [PZ,P(?,P?]T denote the

spin polarizations of the alkali metal atoms and the noble
gas atoms, respectively. Rf,; and Rf,, represent the relaxation
rates of the alkali metal atoms and the noble gas atoms,
respectively. R is the spin exchange rate per alkali metal
atom, and R} is the spin exchange rate per noble gas atom.
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TABLE II
PARAMETERS OF THE SERFCM SYSTEM

Parameter Nominal Value Parameter Nominal Value

~e 27 x 28 HznT—T A7 27x3.36x10~3 HznT T
Riow 2262 s gzzt 2x 10-4s7?
» S
AMe —60 nT AM™ —1.3x 10* nT
Rne 4x107 651 B, —161.4 nT

P§ =10,0, Rp/Rfot]T and Pjj = [0, 0, 0]7 represent the steady-
state polarization of the alkali metal atoms and the noble gas
atoms, respectively. Q is the nuclear slowing-down factor. The
remaining terms in (55) are given by

Ue = %(B —AM'P") + 2

U" =y"(B—AM°P°) + . (56)

Here, B = [By, By, B. + B.]" represents the magnetic field in
the cell. y¢ and y” represent the gyromagnetic ratios of the
alkali metal atoms and the noble gas atoms, respectively. The
magnetization of the alkali metal atoms is denoted as AM®,
and the magnetization of the noble gas atoms is denoted as
AM", both indicating complete spin polarization. Furthermore,
the vector 2 = [£2y, 2, 2,17 represents the angular velocity.

A. Experimental Step

In this experiment, the K-Rb-2!Ne atomic ensemble is used
with a discrete time interval of 0.005 s. In conjunction with the
operating principle of the system, the transverse magnetic field
B, is employed as the excitation source. Initially, a constant
input of 3.31 nT is set, and subsequently, after the system
reaches a steady state, a random input with an amplitude of
1.5 nT and a frequency of 2 Hz is introduced. The parameters
of the atomic ensemble are determined based on the results of
independent experiments, as presented in Table II.

B. Autonomous System Modeling

In accordance with the described experimental conditions,
we obtained system inputs and outputs for a duration of 30 s.
Following the operational principle of SERFCM, we selected
the subsequent nonlinear combinatorial matrix:

Se(t)
S5 (1)
S%(tk)
By (1) S5 (tk)
B (110) S5 (%)
By (1) S5 (1)
1

e(S(t), uty), I1x1) = (57)

Using Algorithm 1, we formulated a DPI model for the
system. To verify our proposed modeling approach, we com-
pared it with the approach presented in [28] under identical
conditions. Notably, 70% of the initial experimental data
were used for model training in this experiment, while the
remaining data was allocated for model prediction. Fig. 7
illustrates the system output prediction results of different
models, and Table III provides corresponding comparative
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Fig. 7. Model output comparison for the autonomous system in the SERFCM.

TABLE III
ERROR SUMMARY FOR THE AUTONOMOUS SYSTEM EXPERIMENT

Pe P P¢
MAPE RMSE MAPE RMSE MAPE RMSE
DPI 0.061% 5.82 x 107° 3.1% 1.13 x 10~% 0.031% 2.09 x 10—°

[28] 0.67% 5.21 x 10~* 27.1% 1.08 x 10~3 0.17% 7.97 x 10~*

analyses. The experimental results reveal that the developed
DPI model demonstrates a smaller mean absolute percentage
error (MAPE) and root mean square error (RMSE), primarily
due to its applicability to nonlinear systems.

The proposed approach accurately models the system and
estimates specific physical parameters, utilizing prior physical
knowledge (55). Building upon the selected nonlinear combi-
natorial matrix (57), we derive the system parameter matrix
within the theoretical model, expressed in (58), shown at the
bottom of the page.

Considering practical noise interference, it often exhibits
characteristics of Gaussian white noise [35] over short periods,
with a standard deviation of approximately 1.46 x 10™%. To
study how the number of iterations affects system parameter
estimation convergence, the model was trained with varying
iterations, and system input and output were sampled at
2000 Hz. Combining the acquired system parameter matrix
with (58) yields estimated model parameter values, along with
corresponding computational times in Table IV.

The experimental results indicate that, with an increasing
number of iterations, the estimated system parameters grad-
ually approach the physical parameter values obtained from
independent experiments. Simultaneously, the computational
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TABLE IV
RESULTS OF THE MODEL PARAMETERS ESTIMATION

Iteration Estimated model paramaters Compute time

P Ri(sTH) Rp(s™!)  Pp Py Pr Te(us)
500 1840 1262 3.73 x 1075 7.29 x 104 0.012 62.63
1000 2214 1084 4.12 x 1076 1.81 x 10~50.012 89.72
3000 2230 1076 4.00 x 1076 4.14 x 106 0.012 123.84
9000 2237 1074 1.88 x 1076 3.28 x 106 0.012 322.52
15000 2246 1070 8.81 x 1077 5.69 x 10~7 0.011 528.69
[29] 2262 f— f— —— —— f—
[30] — 1068 — — — —
(31] —— —— —— —— 0010 ——

time also gradually increases. It is crucial to note that, in this
context, we consider the system parameter values obtained
from independent physical experiments as reference values,
as obtaining the true parameter values of the practical system
directly from the measurement perspective is not feasible.
Finally, in comparison to existing physical parameter mea-
surement approaches [29], [30], and [31], our approach has
significant advantages in testing multiple physical parameters
while maintaining the operating state of the system. This
advantage stems from our parameter estimation approach,
which imposes no limitations on the excitation signal.

C. Nonautonomous System Modeling

In this experiment, we adjust the pump laser power to
achieve distinct system operating points. This identifies the
SERFCM as a complex, nonlinear, nonautonomous system.
Additionally, we record the inputs and outputs for 30 s.

Taking into consideration the convergence patterns of the
proposed DPI model at different iteration numbers and the
corresponding computation time, as illustrated in Table IV, we
have limited the iterations of Algorithm 2 to a maximum of
1000. This choice aims to strike a balance between modeling
accuracy and computational efficiency. To comprehensively
capture the nonautonomous characteristics of the system, we
have chosen a short stabilization time of 7 = 0.05 s and
accordingly selected a fast sampling frequency of FI'&" = 2 x
10* Hz. Leveraging Algorithm 2, we have successfully con-
ducted online system modeling and carried out a comparative
verification with the approach outlined in [28] under identical
conditions. The system output prediction results for different
models are presented in Fig. 8.

The experimental results demonstrate that the DPI model
more precisely predicts the x-direction output during the initial
stage of online modeling, capturing the nonlinear properties
of the system effectively under the excitation source B;.
Furthermore, the DPI model accurately forecasts the output of
the nonautonomous system under state changes, a capability

1 — Bt AT

0:(1) = | % (AM"PL (1) + Be) AT 1 — Rmeok) AT
— MM P AT LM P2 (1) AT

- % (AM"P(ty) + B.) AT

5AM P () AT 0 0 0 0
—%AM"P;(tk)AT 0 —%AT 0 0
_ Ruw Ye Ry(tx)
1 — S5 AT 0 0 o AT 5 AT
(58)
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Fig. 8. Model output comparison for the nonautonomous system in the
SERFCM.

TABLE V
ERROR SUMMARY OF THE NONAUTONOMOUS SYSTEM EXPERIMENT

P Pe Pe
MAPE RMSE MAPE RMSE MAPE RMSE
DPI 0.74% 7.86 x 1073 1.62% 2.81 x 1073 0.16% 6.19 x 103

[28] 8.56% 0.101 48.7% 0.012 7.42% 0.029
T
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Fig. 9.  Parameter estimation and corresponding computational time for

nonautonomous systems in the SERFCM.

lacking in the approach presented in [28]. Comparative analy-
sis results in Table V indicate a reduction in prediction errors
with the DPI model proposed in this article.

The proposed approach also facilitates online estimation
of dynamic system parameters. Fig. 9 depicts the estimated
pump rates, comparing them with results from the approach
in [30], obtained through offline measurements at varying
pump laser power. The results highlight the superior online
parameter estimation capabilities of the proposed approach
without destroying the operating state of the system. Moreover,
Fig. 9 presents the computational time for each modeling
step, consistently below the predefined discrete time. This
emphasizes the efficiency of the online modeling technique.
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VII. CONCLUSION

This article proposes an effective online modeling approach
for quantum instrumentation with nonlinear and nonau-
tonomous characteristics. The developed approach contributes
significantly in two main aspects: 1) from a cybernetic
perspective, it addresses the interpretability issues associated
with traditional data-driven modeling approaches and 2) from
an experimental physics viewpoint, it represents the first
attempt to tackle the data-driven modeling problem in quantum
instrumentation. This breakthrough overcomes the limitations
of traditional physics experiments where simultaneous esti-
mation of multiple physical parameters is challenging. The
effectiveness of the proposed approach is validated through
simulations and experiments.

The DPI modeling approach surpasses traditional data-
driven approaches in terms of reasonability and advancement.
However, it requires a certain level of physics knowledge and
engineering experience and is not applicable to nonstationary
stochastic systems. Future extensions of this study aim to
encompass other complex physical systems, such as super-
conducting quantum interference device magnetometers and
nitrogen-vacancy center ensembles.
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