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Abstract— Visual localization plays a critical role in the func-
tionality of low-cost autonomous mobile robots. Contemporary
leading methods for precise visual localization are predominantly
3D scene-specific, necessitating extra computational and memory
overhead to construct a 3D scene model in novel environments.
An alternative approach of directly using a database of 2D images
for visual localization offers more flexibility. However, such meth-
ods currently suffer from limited localization accuracy. In this
paper, we propose an accurate and robust multiple checking-
based 3D model-free visual localization system to address the
aforementioned issues. To ensure high accuracy, our focus is on
estimating the pose of a query image relative to the retrieved
database images using 2D-2D feature matches. Theoretically,
by incorporating the local planar motion constraint into both
the estimation of the essential matrix and the triangulation
stages, we reduce the minimum required feature matches for
absolute pose estimation, thereby enhancing the robustness of
outlier rejection. Additionally, we introduce a multiple-checking
mechanism to ensure the correctness of the solution throughout
the solving process. The efficacy of our approach is substanti-
ated through both qualitative and quantitative assessments on
simulated and two real-world datasets evidencing significant
improvements in accuracy and robustness provided by our 3D
model-free visual localization system.

Note to Practitioners—The motivation of this article stems from
the need to develop an accurate visual localization system with
simplicity and flexibility of map construction and easy adaption
to new environments. Such a system holds great practical
value for a range of applications, including warehouse robots,
service robots, and countless others. Existing visual localization
systems that achieve high accuracy are dependent on a pre-
built accurate 3D scene map, which pose challenges in terms
of map construction and consume significant storage resources
onboard, particularly for large scenes. And the aforementioned
efforts need to be repeated when changing to a new scene.
In this article, an accurate and robust 3D model-free visual
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localization system is proposed to handle this problem. The map
construction is simplified to build a set of database images with
associated camera poses, which is trivial as it amounts to adding
posed images to a database. The core idea for achieving high
accuracy and robustness is to model the local planar motion
characteristic of general ground-moving robots into both essential
matrix estimation and triangulation stages to obtain two minimal
solutions. The proposed localization system simplifies the task of
switching between different application scenarios for the robot,
reducing additional workload and lowering the difficulty of use.

Index Terms— Minimal solutions, essential matrix, local planar
motion, visual localization.

I. INTRODUCTION

IVEN a query image, visual localization refers to the
Gproblem of estimating the pose, i.e., position and orien-
tation of the camera using visual information with respect to
a environment. Visual localization is a core functionality for
low-cost positioning in autonomous unmanned systems, which
has important practical applications in various scenarios such
as navigation, exploration, surveillance, and rescue [1], [2],
(31, [4], [5], [6], [7].

The most accurate visual localization methods currently
available are based on 3D information. The 3D scene infor-
mation can be either explicit point cloud maps constructed by
StM (Structure-from-Motion) methods [8], or implicit scene
encoded by neural networks [9], [10]. The general pipeline
of 3D scene based visual localization approaches is to first
obtain the 2D-3D feature matching between a query image
and a pre-built 3D scene [11], [12], and then perform accurate
localization based on absolute pose estimation algorithms
[13], [14], [15]. These methods solve for high pose accuracy,
but they are scene-specific, i.e., they require extra time and
computational resources to build a high precision 3D map
when facing a new scene.

A more flexible way of visual localization is to localize
directly based on a 2D scene database which is a set of
reference images with associated camera poses. Currently, this
line of method focuses on image retrieval or place recognition,
which retrieves the most similar database image and approx-
imates the pose of query image using the associated pose in
database [16], [17]. However, the localization accuracy of this
method is limited by the sampling interval when constructing
the database, which is difficult to meet the requirements of
tasks that require higher localization accuracy. To further
improve the localization accuracy, the pose transformation
between the query image and the database image can be
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Fig. 1. Comparison of different problem settings of visual localization with

or without a 3D scene model. The proposed 3D model-free visual localization
system achieves accurate and robust localization directly based on a 2D image
database, which (1) differentiates itself from a 3D model-based pipeline by
eliminating the need for prior construction of a 3D environmental model,
(2) achieves higher accuracy compared to typical 3D model-free method
using the pose of retrieved database image for approximation, (3) leverages
a multiple-checking procedure to ensure the correctness and robustness of
essential matrix estimation and triangulation for absolute pose estimation.

estimated from 2D-2D feature matches, which is the focus
of this paper.

There are two problems with the existing 2D-2D pose
estimation methods for visual localization. First, these methods
mostly perform relative pose estimation between two images
based on essential matrix estimation, which provide the rota-
tion matrix and the relative translation direction but not the
absolute translation scale [18], [19], [20], [21]. Therefore, they
cannot obtain the absolute pose of the camera with respect to
the global coordinate system of the database, which is essential
for complete visual localization. Second, most of them formu-
late the relative pose estimation as a 6DoF (degree-of-freedom)
problem, which ignores the prior kinematic constraints in
robotics. Mobile robots and ground vehicles usually operate
on planar or at least locally planar surfaces such as floors in
indoor environments and roads in outdoor settings. The planar
motion constraint can simplify the 6DoF relative pose problem
to a 3DoF one, which leads to less computation and higher
accuracy.

In this paper, we propose two minimal solutions for absolute
pose estimation from essential matrix and a multiple checking
scheme for robust 3D model-free visual localization, address-
ing the above problems. The proposed minimal solutions
are derived from simplified epipolar geometry that leverages
local planar motion constraint. Specifically, based on the
simplified epipolar constraint, only two feature point matches
are required for essential matrix estimation. Then, a 2p2p
minimal solution is naturally proposed, which estimates the
absolute pose by triangulating the translation vector obtained
from two sets of point correspondences provided by two
reference images in the database. However, the 2p2p mini-
mal solution still has redundancy in the constraints, and the
number of feature matches required can be further reduced by
considering the motion property into triangulation. Therefore,
we propose a 2plp minimal solution that only needs one
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additional feature match from the second reference image to
uniquely determine the absolute translation scale and complete
the absolute pose estimation. The proposed minimal solutions
are embedded with a multiple checking scheme to perform
a robust pose estimation. Note that reducing the number of
necessary correspondences for pose estimation is meaningful,
as it leads to higher success rate with fixed number of iterations
in RANSAC, which means higher robustness of visual local-
ization. In addition, by incorporating affine-invariant feature
matching from our previous work [6], which has been reformu-
lated with local planar motion property, a complete and robust
3D model-free visual localization system is present. Exten-
sive simulation and real world experiments are conducted to
demonstrate its effectiveness. In summary, the contributions of
this paper are listed as follows:

« We derive two minimal solutions namely 2p2p and 2plp
for absolute pose estimation using 2D-2D matches and
propose a multiple checking-based mechanism to perform
outlier rejection in the early stage.

« We conduct a theoretical analysis of the minimal solutions
from the aspects on lower bound of estimation accuracy,
stability, robustness and sensitivity, which can guide prac-
tical applications.

« We propose a comprehensive 3D model-free visual local-
ization system that combines the affine-invariant feature
matching and multiple checking-based pose estimation,
and the source code is available on github.!

« We conduct extensive experiments on synthetic data and
real world datasets to validate the accuracy and robustness
of the proposed system for visual localization of ground
moving robots.

II. RELATED WORK
A. 3D Model-Based Visual Localization

Generally, there are two lines of 3D model-based visual
localization approaches. The first is direct approaches, which
directly generate 2D-3D feature correspondences from a query
image and a 3D scene model [22], [23], [24]. The typical meth-
ods match feature descriptors extracted from a 2D query image
and 3D points in a SfM model and then produce accurate cam-
era pose estimation from the matches. While achieving high
accuracy, these methods struggle in scaling to large scenes due
to memory consumption or arising ambiguities [25]. Recently,
inspired by the success of deep learning in image understand-
ing, several works adopt deep neural networks to directly learn
2D-3D feature matching function [26], [27] or regress camera
pose by using 2D-3D matches as part of the loss function [28].
These methods utilize CNNs (convolutional neural network)
to autonomously discover useful association information and
can be performed end-to-end. However, their scalability to
larger scenes is also limited and their generalization ability
to new scenes has to be improved. The second is indirect
approaches [29], [30], which follow a hierarchical localization
pipeline by using image retrieval methods to retrieve a similar
database image and match 2D-2D feature descriptors between

Thttps://github.com/slinkle/3D-Model-free-minimal-solutions
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query image and database image. The 2D-3D matches are then
obtained by retrieving the associated 3D points information
of the database image stored in the scene model. Similar
to direct methods, these methods are scene-specific which
require extra computational resources and efforts to build a
high precision 3D map when facing a new scene. While the
proposed method in this paper aims to achieve accurate and
robust visual localization without a pre-built 3D scene model.

B. 3D Model-Free Visual Localization

Visual localization without 3D scene models refers to
recovering the pose of a query image from a database of
2D images associated with pose information. It generally
includes three steps: image retrieval, relative pose estimation,
and absolute pose estimation. Image retrieval, also known as
place recognition [16], [31], [32], [33], is the same as the first
step of the indirect 3D model-based methods, which is based
on image-level descriptors to extract top-n similar reference
images from the database.

For each retrieved reference image, the subsequent step
involves computing the essential matrix through relative pose
estimation algorithms. Relative pose estimation between two
images is one of the classical geometric problems in computer
vision. For the general 6DoF estimation problem, 8-point
algorithm is the most common and standard method [18],
[21]. And the minimal solver is 5-point algorithm which
performs pose estimation using the least number of correspon-
dences [19], [20]. By considering motion property in robotics,
numerous efforts aim to reduce the number of features to solve
the simplified relative pose estimation problems. As mobile
robots and vehicles usually move on floors or roads, the
problem can be reduced to 3DoF. Then 3-point algorithm
formulated by a linear equation and the minimal solver based
on iterative 2-point algorithm are proposed [34]. Then the non-
iterative 2-point algorithm formulated by finding intersections
of two ellipses is proposed [35] and be improved with less
computation in [36]. With the assumption of planar and circu-
lar motion, the 1-point minimal solver is proposed using only
a single correspondence [37]. However, the above algorithms
only estimates the essential matrix between two images, which
can be used to recover the rotation matrix and translation
direction, but not the translation scale. The proposed minimal
solutions in this paper aim to solve the absolute pose between
the query image and the 2D image database, which can be
directly used for visual localization.

The final step of absolute pose estimation usually involves
triangulation from two translation directions obtained from two
different reference images [18], [38]. However, the proposed
method incorporates the local planar motion property not only
into the essential matrix estimation, but also into the trian-
gulation process in a creative way, thereby further reducing
the number of required features, as shown in Fig. 4. To the
best of our knowledge, this is the first minimal solution that
models the local planar motion characteristics into triangula-
tion. In addition, we propose a multiple checking procedure
to ensure the robustness of the proposed visual localization
method.

III. OVERVIEW

We first clarify the definition of the visual localization
problem studied in this paper. Given a set of reference
images previously collected in a certain environment, these
reference images are annotated with 6DoF poses expressed in
a global reference coordinate system. The absolute localization
problem addressed in this paper refers to obtaining the 6DoF
pose of a robot relative to the global reference coordinate
system when the robot re-enters this environment, based on
a 2D query image acquired by the robot. The pipeline of the
proposed 3D model-free visual localization system under local
planar motion is depicted in Fig. 2. Initially, image retrieval is
conducted to identify a set of reference images that correspond
to the same location as the query image in the database. Subse-
quently, augmentation-based feature matching is performed to
establish correspondences between the query image and each
retrieved reference image (c.f Sec. III-B). During this stage,
the local planar motion property (c.f. Sec. III-A) is exploited
to relax the affine distortion formulation, thereby achieving
affine invariant feature matching. This approach significantly
enhances the robustness of feature matching against significant
viewpoint variations, resulting in a considerable increase in the
number of inlier matches.

Using the established correspondences, the essential matrix
is computed for each pair of query and reference images,
encoding the relative pose transformation (c.f. Sec. IV-A). The
relative poses that pass the cheirality test and Rcheck are then
fed into the triangulation stage to estimate the absolute pose
(c.f. Sec. IV-B and Sec. IV-C). Following the Pdcheck and
consistency check, we perform 6DoF nonlinear optimization to
refine the estimated localization result using identified inliers.
To enhance the robustness, the local planar motion property
is incorporated into both the essential matrix estimation and
triangulation stages. This integration aims to reduce the mini-
mum number of correspondences required for accurate relative
and absolute pose estimation. By leveraging the inherent
local planar motion property, both feature matching and pose
estimation become more resilient to noise and outliers, thereby
improving overall performance and robustness of the proposed
3D model-free visual localization system.

A. Local Planar Motion Property

Ground mobile robots basically have an inherent motion
property, i.e., a local planar motion property. As shown in
Fig. 3, there are only a y-axis rotation and 2D translation
between query and reference camera views. Note that the
coordinate assumption of y-axis pointing downwards is con-
sistent with the general camera coordinate and can be easily
satisfied by applying the appropriate rotation transformation
to construct a virtual camera coordinate system of which the
image plane is perpendicular to the ground. Some details are
shown in Appendix-A. Then the camera pose transformation
from query view i to reference view j can be represented as

cosf 0 —sind sin ¢
R = 0 1 0 ,t=—=Rp| 0 |, (@D
sinf 0 cos 6 cos ¢
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Fig. 2. The pipeline of the proposed 3D model-free visual localization system. The local planar motion property is introduced into feature matching, essential
matrix estimation and triangulation stages, which improve overall performance and robustness of the proposed visual localization system. A multiple checking
procedure is also introduced to enhance the correctness of the pose estimation.

View i

Fig. 3. The illustration of local planar motion between query and reference
views. There are three unknowns: yaw angle 6, translation direction ¢ and
scale p in absolute pose estimation problem.

where 6 denotes the yaw angle around axis y, and p, ¢
present the scale and direction of 2D translation on the xz
polar coordinate. Then the essential matrix E = [t]xR under
local planar motion is reformulated as:

0 cos(@ — ¢) 0
—cos ¢ 0 sin¢ |,
0 sin(6 — ¢) 0

where [-] denotes the skew symmetry matrix. Therefore, it is
imperative to construct a dedicated visual localization system
that reformulates feature matching and pose estimation based
on the local planar motion property, rather than persisting with
a general system designed for the 6 DoF problem.

E=p 2

B. Augmentation-Based Feature Matching

For robust feature matching, we adopt TiltR2D2 [39] in our
previous work to perform affine-invariant feature matching.
The local planar motion property is formulated into projective
deformation between query and reference images, leading to
a simplified affine distortion model. Specifically, there are
only a transition tilt which represents a longitudinal stretch
of the image and a scale transformation between two views
under local planar motion. Then we design a tilt augmentation
strategy to achieve tilt-invariant which can be then integrated
with the existing scale-invariant descriptors to achieve full

affine invariance. For details about TiltR2D2, please refer
to [39].

IV. MINIMAL SOLUTIONS FROM ESSENTIAL MATRIX

For robust pose estimation, two minimal solutions from
essential matrix are derived to perform robust 3D model-free
visual localization. The key to reduce the number of feature
correspondences for pose estimation is to leverage local planar
motion property of wheeled mobile robots. Then we derive
one minimal solution namely 2p2p which uses only 2 point
correspondences for essential matrix estimation in Sec. I[V-A
and another 2 correspondences for absolute pose triangulation
in Sec. IV-B. And the minimal solution namely 2plp is
derived in Sec. IV-C, which only requires one additional
correspondence for absolute scale estimation.

A. 2p-Based Essential Matrix Estimation

Given one 2D-2D feature correspondence between query
view and reference view expressed as p; in query view and p;
in reference view, the epipolar constraint is given as follows:

pjEpi =0, 3)
where p; = [i;,0;, 11" = K '[u;, v, 11" and p; =
lij, v;, 11" = K~ 'uj,v;, 1]" are the normalized homo-

geneous coordinates of a feature point in view i and j,
respectively. K is the calibrated intrinsic matrix.

By substituting (2) into (3), the epipolar constraint under
local planar motion can be reformulated as:

v; sin(@ — @) + V;itj cos(f — ¢) + v sing — it; 0 cos¢p = 0.
4)
Given another 2D-2D feature correspondence denoted as p;,

in query view and p;, in reference view, another constraint can
be obtained as:

V;, sin(@ — @) + v;, i j, cos(6 — @)
+vj,sing — it;,v;, cos¢p = 0.

)
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For each two correspondences, the combination of (4)-(5)
can be expressed as

Ax =0, (6)

where x = [sin(6 — ¢), cos(d — ¢), sin ¢, cos ¢]". To facilitate
the description of the following derivation, we denote

X1 £sin(@ — ¢), x2 £ cos(d — ¢),
A s (7)
X3 = sin g, X4 = COS Q.
Then (6) can be reformulated as
aixy +bixo+cix3+dixg =0, i=1,2, ®)

where coefficients a;, b;, ¢; and d; denote the problem coeffi-
cients in (4)-(5).

According to (8), x should lie in the null space of A. Then
we can obtain the general solution of x as

X = A X; 4+ 21Xy, )

where X; and X, are the null vectors of A.
There are implicit constraints of trigonometric functions
between the entries of x as follows:

[x12+x§=1,

10
X34+ xi=1. (10

By substituting the general solution (9) into (10), the special
solution of x can be solved. Once x has been obtained, the
angles of ¢ and 6 are

¢ = arctan 2(x3, x4), (11
6 = arctan 2(x;, x2) + ¢.

Then the essential matrix can be obtained from (2).

B. 2p2p-Based Absolute Pose Estimation

For each query image, top-n reference images can be picked
by performing image retrieval method such as NetVLAD [16].
Therefore, there are total n image pairs as shown in Fig. 2.
For each image pair, we compute the essential matrix by
selecting any 2 correspondences as derived in Sec. IV-A.
Next, we extract the four relative poses (R,7), (R, —7),
(R, 1),(R’, —f) from essential matrix, where f is the normal-
ized relative translation vector and ||f]] = 1, and R and R’
are related by a 180° rotation around the baseline [18].
Traditionally, we perform a cheirality test using the feature
correspondences to select the correct relative pose among the
four candidates as in [18].

After extracting the relative pose of each image pair,
we obtain the multiple directions between the query camera
center and the top-n reference camera centers 71, ..., f,. Then
the absolute position of the query image can be uniquely deter-
mined by performing triangulation from each two directions.
Thus the absolute pose of the query image can be solved which
utilizes 2 point correspondences from 2 reference images,
respectively. The solution is denoted as 2p2p. To deal with
outliers in correspondences, we propose a robust estimation
framework by performing a multiple checking procedure to
speed up the outlier rejection and add multiple checks for
filtering the optimal solution, as shown in Fig. 2.

1) Rcheck: We can perform a Rotation Check (Rcheck)
before triangulation when selecting two relative poses (R, f)
and (R», ) as follows. According to the transformation matrix
representation between the query view i and the two selected
reference views j and j,, we have

T, =T;T;

Joi”

ie |:R12 t12:| _ |:R ,01 [Rz —,02R51~21|
710 1 0 1[0 1
_ [RR} —pRRIT, + ,ij|. (12)
0 1
From the rotation part in (12), we can find that R}, = RR;
must be satisfied for two inlier relative poses. Note that T};, is
the known transformation matrix between two reference views
which can be retrieved from pre-built database. Subsequent
triangulation is performed only if the selected relative position
can pass the rotation check. Considering measurement noise
and calibration error, we set a threshold 7,, to perform a
relaxed Rcheck. Specifically, we compute the error between
the two rotation matrix as T = arccos(0.57r(R;2(RR))T) —
0.5) in degree. The Rcheck is considered passed if t < 7.
2) Triangulation and Pdcheck: The absolute position
of the query view can be solved through triangulation by
solving the translation part in (12) as follows. Denoting s =
[p, p217, the translation part in (12) can be expressed as

Cs = b, (13)
where
C =[7,—RR}%], b = ty,. (14)
Then we find least-squared solution of s by
s=(C"C)"'C"p. (15)

Note that the above solution procedure holds only when the
CTC is invertible. If Det(CTC) = 0, the regular term needs
to be added to make it invertible, as follows

s = (CTC + Ly») ' C™b, (16)

where L, is m x m identity matrix. After triangulation, there
is a Positive Depth Check (Pdcheck) which requires translation
scales to be positive as p > 0, p» > 0.

3) Consistency Check: With the estimated scale, we can
obtain the absolute pose of query view through the known
pose of reference view in database. Then we can measure the
consistency between the relative translation obtained from the
estimated absolute pose and the retrieved relative translation
from the essential matrix. Specifically, denoting the camera
center of query view as ¢; and reference view as c;, the relative
translation between query view and reference view is { =
R} (ci —c;). And R; is the rotation which rotates the vector in
reference view to the global coordinate system. The direction
of ¢ should be consistent with the direction of 7 recovered from
the essential matrix. For quantification, we compute the angle
o= arccos(fo /II])). If the angle between the two predicted
translation directions is less than a given threshold oy, the
consistency check is considered passed.
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Fig. 4. Tllustration of proposed 2plp minimal solution for absolute pose esti-

mation. By exploiting the local planar motion property, this solution requires
only 2 points for essential matrix estimation and 1 point for triangulation,
enhancing the robustness of the 3D model-free visual localization system.

4) RANSAC and Nonlinear Optimization: The proposed
multiple-checking based minimal solution can be used for
model estimation in RANSAC framework [40] for out-
lier rejection to achieve robustness pose estimation. Finally,
we perform 6DoF nonlinear optimization using the identified
2D-2D inliers (and 2D-3D inliers if there is depth information
in database) to optimize the absolute pose corresponding to
the largest number of inliers in RANSAC. The nonlinear
optimization can correct for noise in other DoF caused by
occasional uneven ground.

C. 2plp-Based Absolute Pose Estimation

From the derivation in Sec. IV-A, we can find that essential
matrix can be solved using 2 point correspondences between
the query view and one reference view. Then only the absolute
translation scale is unknown which needs to be solved with
information provided by another reference view. As one point
correspondence can provide one constraint based on epipolar
constraint as in (3), the minimal solution for absolute pose
estimation from essential matrix could be 2plp, which means
only one point correspondence from another reference view is
required to solve the unknown scale, as shown in Fig. 4. The
details in derivation of 2plp-based minimal solution is shown
as follows.

As in Sec. IV-A, we first solve the essential matrix using
2 point correspondences in reference view j. Then with the
known transformation matrix T,; between reference view j
and j, retrieved from the database, we can express the T;
using the unknown absolute scale p in Tj; as follows:

Tji =TT

_|Rap t||R  pt
(o0 11[0 1
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_ [RZIR pRoi 7 + t21:| a7

0 1

Then the essential matrix between query view i and refer-
ence view j, can be expressed with the unknown scale p as
E2 = [tjzi]ijzi = [pR21f+ t21]XR21R. Given one 2D-2D
feature correspondence denoted as p;, in query view and pj,
in reference view j,, we can obtain one constraint about p
using the epipolar constraint as:

p}Eapi, =0, (18)

pjlpRaT 4+t ] Ry Rp;, = 0. 19)

By solving (19), we can uniquely determine the unknown
scale p. We denote this minimal solution as 2p1p, which can
be integrated into the RANSAC framework for robust pose
estimation. Furthermore, we can apply the multiple checking
procedure proposed in Sec. IV-B to enhance the robustness of
our method.

V. THEORETICAL ANALYSIS

In the previous section, we derive two minimal solutions for
absolute pose estimation of the camera based on 2D-2D feature
matching: 2p2p and 2plp. Subsequently, we will conduct a
theoretical analysis of the proposed methods, focusing on
estimation accuracy, solution stability, robustness to outliers,
and sensitivity. Finally, discussion on the selection and com-
bination of the solutions will be presented.

A. Estimation Accuracy

We first analyze the lower bound of the estimation accuracy
of the proposed minimal solutions. The estimation processes
of the two minimal solutions can be delineated into two
critical stages: essential matrix estimation and triangulation.
We will next provide a detailed analysis of the lower bounds
of estimation precision within these two stages.

1) Essential Matrix Estimation: The estimation process
for the essential matrix is elaborated in detail in Sec. IV-A.
The problem is defined as, given a pair of noisy 2D-2D
feature correspondences as input, to solve for the essential
matrix E via epipolar geometry. In the terminology of this
paper, it can be expressed as determining the precision lower
bound of the vector x, which contains the critical unknowns
of the essential matrix, under the presence of noise in the
feature correspondences p;, p;, by utilizing constraint relation
in (6). Assuming the presence of noise in feature matching
causes perturbations §A in A, we can analyze the impact of
perturbations in A on the solution x. Assuming the perturbed
solution is x + §x, then we have:

(A +56A)(x+6x) =0, (20)
(A + 8A)6x = —5AX. (21)

Since A 4+ §A may be singular, and
A+ 8A = A(Lys + A715A), (22)
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then combining (21)-(22) we have:

8x = —(Lixs + A718A) TA15AX. (23)
Then we have
A~ SA x|
oxl < ——— i (24)
1 — |A-18A|

It is evident that the noise present in feature detection results
in perturbations SA in A, thereby causing errors 8x in the
obtained solution. Note that while the calculation of absolute
error in the (24) requires the substitution of ground true values,
we generally conduct error analysis in simulation experiments
to guide practical applications. Additionally, in real-world
scenarios, relative error is also an important factor, reflecting
the degree to which the solution’s error is affected by the input
data’s error. We can directly calculate the relative error as:

loxi _ A TIIAN R}

— 1 _ A1 JEN
I~ 1= A A EA

(25)

In the following derivations, we denote the specific error
upper bound obtained by calculating the right side of (24)
is 8x,, = [01 0y 03 04] . Then the error upper bound SE,;
in the obtained essential matrix can be expressed according
to (2):

0 (o)) 0
SEp=|0os 0 o3 (26)
0 [oX] 0

2) Pose Decomposition: The first step in triangulation is to
decompose R and t from the essential matrix. Recalling the
decomposition process, it is achieved through Singular Value
Decomposition (SVD), specifically involving:

1 0 0
E=U[0 1 0|V 27)
0 0 O

where U and V are orthogonal matrices and represent the SVD
solution of E. Then we have:

0 -1 0
R=U|1 0 0|V (28)
0 0 1

and f is the third column of U. Calculating the specific error
form of R and 7 from the errors in E is complex. Here,
we make some relaxations and compute a looser error lower
bound for approximation. We assume each element in U and
V is independent and has noise with a standard deviation
of Su. Then by the error propagation formula [41], [42],
comparing (27) and (28), we can infer that the absolute error
of each element 7;; in R is related to the absolute error of each

element ¢;; in E as follows:
28r,-j =~ 356,‘j. (29)

The detailed derivation process can be found in Appendix-B.
Then we have

(Sr,'j < 1.50, 30)

where o = max(oy, 03, 03, 04). Then

SRy, = 1.500nes;y3, (31

where Ones,, y,, represents an m by n matrix of all ones. And
SR, represent the upper bound of the estimation error of
R, which also represent the lower bound of the estimation
accuracy.

For 7, as it is the third column of U, and we have made
a relaxation assuming each element of U is independent with
Gaussian noise of standard deviation €, the estimation error
of 7 can be represented by u. Based on the error propagation
formula for multiplication operations, combining the noise
value in the essential matrix denoted in (26), we can calculate
a loose upper bound of §u as Su,, = 0.250. The detailed
derivation process can be found in Appendix-B. This implies

that we have:
(Sfub = 0.250‘011653><1. (32)

Then according to (14), we can approximate the upper bound
error of C (c.f Appendix-B) as:

0.25 18
8Cuwp =1025 18 |o. (33)
0.25 18

Next, we will analyze the error in absolute scale estimation in
t through triangulation.

3) Triangulation: The triangulation process constraints are
presented in (13) for 2p2p and (19) for 2plp. Note that (19)
can also be expressed as co = b, where ¢ and b are
scalars. Thus, the triangulation process for both 2p2p and 2p1p
essentially involves solving a linear equation. We will analyze
the error using (13) as an example.

We adopt Cramér-Rao Lower Bound (CRLB) [43], [44]
to analyze the lower bound of the estimation accuracy of
triangulation. To employ the CRLB, an likelihood function
must be defined, illustrating the probability of observing the
data b given the parameters s. Without loss of generality,
we assume b encompasses additive Gaussian noise, signified
as b = (C+6C)s+¢€, where € represents noise with zero mean
and standard variance oy. As b is constituted by the pose of
reference images in the map, oy represents the precision of
map construction.

Then the likelihood function L(s) is formalized as the
probability density function of b as:

L(s: b) = %n(c +8C)s — b||2>. (34)

1
J@rod)3 203,
Then we can calculate the Fisher information matrix as:
8%InL(s; b)
0s2

The CRLB of s estimation is the inverse of the Fisher
information matrix’s diagonal elements. Then we have

I(s) = —E[ } = %(C+8C)T(C+8C). (35)
b

CRLB(s) = ofdiag(((C +8C)T(C +8C)™H. (36)

Consequently, we have analyzed the lower bounds of esti-
mation precision for the pose’s rotation matrix, unit translation
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vector, and absolute translation scale. It is evident that the
precision of the first two is influenced by the error in keypoint
detection during feature extraction, while the latter is also
related to the precision of map construction.

B. Solution Stability

We primarily analyze the numerical stability of the trian-
gulation stage. According to (13), the condition number is
defined as:

cond(C) = |IC”"|| - [[CII. (37

A larger value of the condition number implies that the
solution is more sensitive to small changes in the input data.
From (14), we can see that C is composed of the direction
vectors from the origin of the query camera coordinate system
i to the origin of coordinate system of reference camera j, and
from the query origin to the origin of coordinate system ;.
Analyzing geometrically, the closer the distance between the
origins of reference systems j and j,, or the more parallel
the direction vectors from i to j and i to j,, the closer
matrix C approaches singularity. This leads to a very large
norm of the inverse C~', thereby increasing the condition
number cond(C). A higher condition number indicates poorer
stability of the solution, leading to high uncertainty and
unreliable results. Therefore, we add an additional Stability
Check prior to triangulation to exclude unstable solutions.
In practical computation, this can be achieved by determining
if the distance between the origins of the two reference frames
or the directions from the query frame to the two reference
frames used for triangulation is less than a set threshold.

C. Robustness to Outliers

When outliers or mismatches exist in feature matching,
we employ the RANSAC framework [40] to eliminate outliers
and achieve correct estimation results. Based on the principles
of RANSAC, we can analyze the robustness of the proposed
minimal solution from a probabilistic perspective. Specifically,
from (38), we can find that with the fixed number of RANSAC
iterations k, the less minimal number of elements needed to
solve the model (n), the higher success rate (P) RANSAC
can achieve. And the assumption of fixed number of iterations
is reasonable, as the max iterations is a common parameter
to be set in RANSAC. Our proposed minimal solutions sig-
nificantly reduce the value of n, thereby greatly enhancing
the estimation’s success rate. Additionally, as the proposed
2plp minimal solution further reduces the value of n based
on the 2p2p minimal solution, it exhibits stronger robustness
under extreme conditions, specifically when the proportion of
mismatches is high and the absolute number of correct feature
matches is also limited, which will be validated in subsequent
experiments.

1—P=(1—whH. (38)
D. Sensitivity and Discussion

Given that the proposed minimal solutions leverage the local
planar motion characteristic to reduce the dimensionality of
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the pose estimation problem, it is necessary to analyze the
solution’s sensitivity to the levelness of the ground. Intu-
itively, 2p2p and 2plp differ in sensitivity to ground levelness.
Compared to 2p2p, 2plp introduces local planar motion con-
straints in the triangulation stage, requiring stricter ground
levelness. Conversely, 2p2p can optimize for uneven ground
errors during triangulation. This aspect has also been validated
in subsequent sensitivity experiments. Overall, 2plp exhibits
stronger robustness against extreme outliers compared to 2p2p,
while 2p2p demonstrates greater adaptability to uneven ground
surfaces. The estimation accuracy of both is relatively similar.
In practical applications, the choice between the minimal
solutions should be guided by factors such as the levelness
of the ground in the application environment, the significance
of long-term changes, and the quality of feature matching,
among others.

VI. EXPERIMENTAL RESULTS

To validate the performance of the proposed minimal
solutions and the 3D model-free visual localization system,
we conduct simulation experiments using synthetic data and
real world experiments on two indoor datasets containing life-
long changes. Specifically, we perform simulation experiments
to test (i) the accuracy of the proposed minimal solutions, and
(ii) the robustness of the proposed multiple-checking based
framework against increasing outlier rate of correspondences,
and (iii) the efficiency of the proposed minimal solutions by
counting the computation time. In real world experiments,
we first (iv) conduct ablation studies to show the effectiveness
of each stage in the system, and (v) compare the success rate
to show the robustness of the whole localization system in
changing environments, and (vi) demonstrate the localization
performance by comparing the whole trajectory, and finally
(vii) show several special cases to illustrate the effectiveness
of the proposed system. We also validate the sensitivity of the
proposed solutions on both indoor and outdoor environments
and conclude discussion on application implications to guide
real world applications.

For comparison, we select the most classical 8-point solu-
tion [21] and two variations of 5-point minimal solution under
6DoF problem formulation [19], [20] to compute the essential
matrix. we adopt the implementation of above algorithms in
OpenGV [45]. To achieve absolute pose estimation, we per-
form the general triangulation for these solutions and the
obtained methods are denoted as 8pSp, SpSp-stewenius and
SpSp-nister, respectively. We implement the proposed 2p2p
and 2p/p minimal solutions and the multiple checking frame-
work in Matlab. The 7,; and ¢, in Rcheck and Consistency
check are empirically set to 2 °. All experiments are performed
on a desktop with CPU Intel i9-12900H 2.50GHz and 16G
RAM.

A. Simulation Experiments

To compare the theoretic performance of different absolute
pose estimation algorithms, we generate test data in a synthetic
world as in [46]. We first randomly generate 3D points in a
cube [—10, 10]® as map points in the world. Then we project
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Fig. 5. Comparison of pose estimation accuracy with increasing 2D noise.

a number of co-visible points to query view and multiple
reference views to obtain 2D-2D feature correspondences.
All views are captured from a virtual camera with random
poses sampled under local planar motion property. Specifically,
the translation of the virtual camera is varying in range of
[—5, 5] along x-axis and z-axis, and the rotation is varying
in range of [—m, m] around y-axis. The focal length of the
virtual camera is fixed as 800 with the resolution of 1280 x
1080 and the principal point as (640, 540). For quantitative
evaluation, we measure the error between the ground truth
of the pose of query view [Rg|t,] and the estimated pose
[R|t]. Similar in [47], we calculate the rotation error as
arccos(0.5 Tr(RR .)—0.5) in degree, and the translation error
as |t — tg| in meter And the relative translation vector error
is computed as arccos(t te:/l|te|), where 7 is the normalized
translation direction of t.

1) Accuracy: We conduct accuracy evaluation experiment
to verify the performance of the proposed pose estimation

method under varying 2D noise levels and numbers of feature
matches. Specifically, we add Gaussian nose with zero mean
and increasing standard deviation from 2 to 10 pixels to the
feature points of 2D-2D matching, forming eleven levels of
noise. At the same time, we design three experiment groups
with varying number of total feature matches: 100, 50, and
10. We generate 100 experimental tests for each noise level
and perform 100 iterations of RANSAC for each method. The
mean error of rotation estimation, translation direction and
absolute translation estimation are shown in Fig. 5.

The results of rotation and translation direction estimation
error in Fig. 5 (a)-(f) demonstrate the accuracy of different
essential matrix estimation solutions. The proposed 2p-based
method exhibits high accuracy under different levels of noise
and number of feature matches, which is shown in results of
2p2p and 2plp solutions. The performance of absolute pose
estimation can be evaluated from the error of absolute transla-
tion estimation shown in Fig. 5 (g)-(i). The proposed solutions
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Fig. 6. Comparison in robustness of pose estimation algorithms with increasing outlier rate.

outperform the compared methods, which is consistent with
the results of essential matrix estimation. Particularly, even
under high levels of noise and low numbers of correspon-
dences, the proposed solutions are still able to achieve high
accuracy in pose estimation. The accuracy evaluation exper-
iment validates the effectiveness of leveraging local planar
motion property into pose estimation. This is because less
noise is introduced into pose estimation, leading to higher
accuracy. In addition, the translation error of the proposed
2plp minimal solution is smaller than the 2p2p solution, which
further verifies the importance of formulating the motion
property into triangulation.

2) Robustness: We conduct a robustness simulation experi-
ment by adding increasing rates of outliers from 0% to 60% to
the feature matches. Outliers are generated by projecting points
using incorrect poses. The success rate of pose estimation is
counted for each method to demonstrate robustness. There are
three experimental groups according to the number of total
feature matches: 100, 50, and 20. Note that the minimum
number of feature matches is changed to 20, which is different
from 10 in the accuracy experiment, as there are not enough
inliers to perform pose estimation for the 8p8p method when
the outlier rate increases to 60%. We consider the localization
to be successful when the translation error is less than 0.1 m
and the rotation error is less than 1 °. The comparison of the
success rate of different methods is shown in Fig. 6.

Based on the experimental results, we can see that the
performance of all methods gradually decreases as the outlier
rate increases. However, the proposed methods (2plp and
2p2p) outperform the comparison methods in all three experi-
mental tests. The advantage of the proposed methods is more
obvious with high outlier rate conditions, where all comparison
methods failed to localize (e.g., outlier rate of 60%), while
the proposed methods can still maintain a success rate of
30%-50%. And when the outlier rate is 60%, a comparison
of the results between the proposed 2plp and 2p2p methods
under three different feature counts reveals that, as the number
of features decreases, the success rate of the 2plp method
gradually surpasses that of the 2p2p method. This is because
the 2p1p method requires fewer minimum feature matches for
calculation, and its advantage becomes more pronounced when
there is a high proportion of outliers with a low number of total
features. Experimental results show that the proposed methods
are more robust to outliers and can better handle the case of

TABLE 1
COMPUTATION TIME EVALUATION (mq)
Points 10 50 T00 200 500
2p2p  1.394 1.673 1.777 2354 5.638
2plp 0532 0557 0613 1046 1983

small number of feature matches, of which the situation is
common in environments with lifelong changing variations in
real-world robotic applications.

3) Efficiency: The real-time performance is important for
visual localization algorithms. We vary the number of point
correspondences in the scene to demonstrate the efficiency of
the proposed methods. In the test data, we add the Gaussian
noise with zero mean and 5 pixel standard deviation and
generate 10% outliers to simulate the real condition. We run
the whole multiple checking procedure for 100 times to count
the average execution time. The computation time evaluation
results with increasing number of points are shown in Table. L.
For the sake of fair comparison, the performance of compared
methods implemented in C++- is not presented. It is important
to note that our algorithms are currently implemented in
MATLAB, which can be more efficient in C++. The results
demonstrate that the proposed methods can achieve real-time
performance, which is suitable for robotics tasks. In addition,
as shown in Table. I, by introducing motion constraints to the
triangulation stage, a significant reduction in computational
complexity is achieved, resulting in a significantly faster
computing speed for 2plp compared to 2p2p.

B. Experiments on OpenLORIS

In real-world experiments evaluation, we first perform
thorough evaluations on a public indoor dataset: OpenLORIS-
Scene dataset [48]. OpenLORIS-Scene is a multi-modal
dataset containing RGB images, depth images and LiDAR
data collected by a wheeled robot. The scenes in the dataset
include common indoor environments such as offices, cafes,
corridors and bedrooms. There are challenging lifelong vari-
ations including viewpoints, illuminations, dynamic objects
changes and frequent human activities, which are generic and
representative for localization algorithms validation.

1) Experimental Settings: We test the localization perfor-
mance on 4 different scenes, including home, corridor, office
and cafe. There are different number of sequences in each
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Fig. 7. The result of varying the number of reference images in the image

retrieval stage on the localization performance.

scene which are collected in different time periods. Only
RGB images in the dataset are used in the experiments for
all methods. There are four steps for evaluation: (1) we
perform NetVLAD algorithm [16] to retrieve reference images
from database for each query image. (2) for feature matching
between each retrieved image pairs, we use R2D2 algorithm
[49] as a representative method in general motion, serving as a
comparative method with the proposed TiltR2D2 in local pla-
nar motion. (3) using the known absolute poses of the retrieved
reference images and 2D-2D feature matches, we estimate the
absolute pose of the query image using different methods,
respectively. (4) for quantitative evaluation, we measure the
translation and rotation error between the ground truth pose
and estimated poses and count the success rate under different
error thresholds. 100 iterations are performed for each solution
in RANSAC and nonlinear optimization is applied for further
refinement.

2) Ablation Study: We conduct several experiments to vali-
date the effectiveness of our design stages in the proposed 3D
model-free localization system with success rate comparison
in home4 session. We first evaluate the impact of varying
the number of reference images in the image retrieval stage
on the localization performance. The result, as depicted in
Fig. 7, demonstrates that an elevated number of reference
images positively influences the localization success rate by
facilitating a linear growth in the quantity of feature matches
available. However, when the number of images exceeds 35,
the performance improvement noticeably slows down. Con-
sidering that extracting additional features also increases the
computational burden for subsequent pose estimation, we uni-
formly choose to extract the top 5 reference images in the
subsequent experiments.

Then we quantitatively evaluate the impact of other stages
in the localization pipeline, with the results shown in the
Table. II. We select the combination of R2D2 features and
the classic 8p8p pose estimation as our baseline for com-
parison. Based on this baseline, we evaluate the feature
matching and pose estimation methods separately, expressing
the performance changes of each method compared to the
baseline in the “improvement” row of the table, highlighted in
cyan. The results indicate that the proposed feature matching
method brings performance improvement to any pose esti-
mation method, including 8p8p, 2p2p, and 2plp. Due to the

11

TABLE II
ABLATION STUDIES: SUCCESS RATE COMPARISON ON Home4
method 0.25m/10°  0.5m/10°  1.0m/20°

baseline top5-R2D2-8p8p 9.33 18.53 39.24
+Tilt top5-TiltR2D2-8p8p 10.94 19.87 40.07
improvement 1.61 1.34 0.83
+2p2p topS-R2D2-2p2p 11.27 21.51 42.79
improvement 1.94 2.98 3.55
+2plp top5-R2D2-2p1p 11.46 21.69 43.66
improvement 2.13 3.16 4.42
+Tilt-2p2p topS-TiltR2D2-2p2p 11.70 22.50 43.87
improvement 2.37 3.97 4.63
+Tilt-2p1p topS-TiltR2D2-2p1p 12.96 23.16 44.34
improvement 3.63 4.63 5.1

! The improvement metrics in the table are all relative to the baseline.

query

reference &

corridor2 cafel

home4

Fig. 8. Localization examples extracted from home4, corridor2 and cafel.

presence of object variations and occlusions caused by humans
in the home4 scenario, the 2plp method exhibits greater
improvement compared to the 2p2p method. Furthermore, the
proposed complete localization system under planar motion
achieves optimal localization performance, as demonstrated by
the “Tilt-2p1p” entry in the table, validating the effectiveness
of the proposed localization system.

3) Robustness Comparison: The success rate comparison
of different algorithms in all sessions of OpenLORIS-scene
dataset is shown in Table. III. The results indicate that the pro-
posed local planar motion aided localization system achieves
the best performance in all scenes compared to the general
6DoF-based solvers, confirming the importance of leveraging
motion property. In addition, comparing the results of Tilt-
2p2p and Tilt-2plp, we can find that the proposed Tilt-2plp
performs better in scenes where the localization success rate
is less than 50% (such as home4, corridor2, cafel). This
is due to the fact that the challenges in these particular
scenes are greater. For instance, frequent human activities in
home and cafe scenes often result in dynamic occlusion and
object movements, as shown in Fig. 8. Additionally, significant
illumination changes occur in the corridor scene due to the
presence of a large French window. The aforementioned chal-
lenges directly result in a lower number of matched features
extracted from these scenes, along with a high rate of outliers.
In such circumstances, the proposed Tilt-2plp’s advantage of
requiring fewer features for localization becomes more pro-
nounced, which is consistent with the aforementioned analysis
in simulation experiments. In scenes where the localization
success rate is generally higher than 50%, the advantage of
the proposed Tilt-2p2p can be fully utilized thanks to the
abundance of correct feature matches. Overall, the proposed
methods outperform the comparative methods across the entire
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TABLE III
COMPARISON OF SUCCESS RATES ON OPENLORIS-SCENE DATASET
session home2 home4 home5 corridor2 corridor3 corridor4
m 025/05/1.0 025/05/1.0 025/05/1.0 025/05/1.0 025705710 025/05/1.0
degree 10/ 10/ 20 10/ 10/ 20 10/10/20 10/ 10/ 20 10/ 10 /20 10/10/20
8p8p 18.49 / 28.74 / 44.39 9.33/18.53/39.24  56.61/66.32/77.33 2.57/536/11.62 0.48/1.62/4.77 3.34/5.61/10.80

SpSp-nister

5p5p-stewenius
Tilt-2p2p (ours)
Tilt-2p1p (ours)

18.53 / 28.68 / 44.96
18.06 / 28.48 / 45.16
22.18 7 32.82 7/ 48.03
22.68 / 31.52 / 47.10

9.04 / 18.61 / 38.53
9.19/18.51 / 38.20
11.70 / 22.50 / 43.87
12.96 / 23.16 / 44.34

56.74 / 65.54 1 77.20
55.96 / 64.38 / 76.04
59.82 /7 69.06 / 79.72
60.08 / 68.55 /79.33

2.54 /534 /11.57
2.19/531/11.34
2.82/76.10/12.88
3.62/7.79 / 13.60

0.38/1.62/5.20
0.29 /1.38 / 5.00
0.9573.19/6.48
0.91/3.43/6.86

2.96 /5.88 / 10.80
3.65/6.03/11.22
429772511514
4.3476.56 / 13.34

session corridor5 office3 office4 officeS office7 cafel

m 0.25/05/1.0 025/05/1.0 025/05/1.0 025/05/1.0 025/05/1.0 025/05/1.0
degree 10/ 10/ 20 10/ 10/ 20 10/ 10/ 20 10/10/20 10/ 10 /20 10/10/20
8p8p 9.04 /16.66 /31.02  31.74 /31.74 /1 40.17 5190/ 59.03 / 66.05  62.24 / 76.09 / 89.43  50.22/ 67.67 / 81.76  6.91 / 12.29 / 22.09
SpSp-nister 9.16 / 16.48 / 30.33 31.46 / 31.74 /1 40.73  52.36/59.15/ 6697 62.24/76.46/89.24 5031/ 67.14/81.67 7.09/12.23/21.85

Sp5p-stewenius
Tilt-2p2p (ours)
Tilt-2plp (ours)

9.04 /16.36 / 30.61
11.85/21.29 / 34.47
12.27 /20.90 / 33.90

31.74 / 32.30 / 41.01
32.50 7/ 33.89 /43.33
3222/ 34.44 / 43.06

52.36 / 59.61 / 67.09
56.21 / 60.80 / 68.74
52.41/59.89 / 69.31

62.37 /76.46 / 88.86
66.46 / 79.23 / 90.56
69.04 /79.55 7 89.93

49.69 / 67.49 / 81.94
54.51769.76 / 83.17
54.34/70.73 / 82.91

7.09 /1217 /2191
7.49 /13.93 / 23.95
8.08 / 14.40 / 24.18

! Considering the map coverage of the environment, the map sequences for each session are as follows: homel and home3, corridorl, officel, office2 and office6, cafe2.

dataset, thus validating the effectiveness and robustness of the
approach which combines local planar motion for localization.

4) Error on Whole Trajectory: In order to clearly compare
the localization accuracy of different methods, we utilize a
color bar to display the localization errors of the algorithms
on the ground truth trajectory, as illustrated in Fig. 9. It is
important to note that the localization is performed on each
query image without sequential odometry assistance, and only
cases with absolute translation error lower than 0.25m are
presented on the trajectory. We select the office5 sequence with
the lowest localization difficulty to demonstrate the accuracy
comparison. The bluer the color, the smaller the localization
error, and higher quantity represents more successful localiza-
tions. The results demonstrate that the proposed algorithms
achieve superior accuracy and robustness compared to the
comparative methods across the entire trajectory, which is
consistent with validation using synthetic data presented in
Sec. VI-A.

5) Case Study: We take cases with relatively extreme outlier
rates as examples to provide an intuitive demonstration of the
advantage of the proposed motion property-aided algorithms
against general 6DoF methods, as shown in Fig. 11. The
lines crossing the query image on the left and the reference
image on the right represent matched feature correspondences.
Among them, the cyan lines indicate inliers that support the
corresponding poses of the ground truth (top left) and the
estimated poses of each method.

The first case displays a localization example with an
outlier rate of 46%, where the proposed methods identify
almost all inliers and achieve the highest localization accuracy.
The second case presents a more challenging scenario where
the scene is textureless, resulting in poor feature matching
performance with only 6 inliers. As a result, only the proposed
2plp method, which requires a minimal number of features
for pose estimation, achieves high-precision localization. The
2p2p method successfully localizes the scene but with larger
errors, leading to the inclusion of an outlier among the
identified inliers. In contrast, all comparative methods fail to
achieve successful localization as they consider a large number
of spurious matches that are incorrectly identified as inliers.

C. Experiments on Lobby

To further verify the effectiveness of the proposed methods
in challenging localization scenarios, we perform validation on
a self-collected Lobby dataset [39]. The dataset is collected
by a mobile robot equipped with five pointgrey cameras
and a 2D LiDAR as shown in Fig. 10 (a). More details
about the hardwares can be found in [39]. The Lobby is a
Ilm x 11m square with two walls made up of large French
windows, so the environment is subject to significant changes
in external lighting during the day and artificial lighting at
night. The static obstacles in the environment mainly include
some tables, chairs and posters, while the dynamic obstacles
are the moving pedestrians. The data in the Lobby dataset
contains environmental changes from afternoon to evening.

There are total 50 images with a resolution of 1024 x 540 in
the dataset and we select four images facing the four walls to
form the database as shown in Fig. 10 (b) and (c), and the
remaining 46 images as query images to perform evaluation.
The ground truth of each image is obtained by aligning the
dense synchronized 3D scans obtained by rotating the 2D
LiDAR for 360 degree.

The localization performance is shown in Fig 12. The exper-
imental results indicate that the proposed methods achieve
significantly higher localization success rate than the compar-
ative methods under all error thresholds. This is mainly due
to the high difficulty of localization in the Lobby scene, with
fewer feature matches and a higher proportion of outliers. As
pointed out in the probabilistic analysis in Section V-C, our
method significantly reduces the minimum number of features
required for a single model estimation, thereby increasing the
success rate of RANSAC estimation. The result is consistent
with that obtained in the experiment conducted in the challeng-
ing scenes of OpenLORIS, such as corridor, which once again
verifies the effectiveness of the proposed method in robust
localization under long-term changing environments.

D. Sensitivity Experiments

Our proposed localization system relies on the assumption
of local planar motion. Consequently, we conduct sensitivity
experiments to analyze the ground levelness in real-world
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Fig. 9. Comparison of estimation errors on whole trajectory of office5. The color bar indicates different localization errors. The grey line represents the

database trajectory and the green line indicates the ground truth of the query session. The lower the overlap between the gray and green lines, the lower the
map coverage, indicating a higher difficulty in localization. As highlighted by the red dashed lines, the proposed methods demonstrate greater robustness in
challenging localization scenarios. Additionally, the blue dashed box indicates that the proposed methods achieve higher localization accuracy in areas where

map overlap is high.

(b)

(a) The platform used for Lobby dataset collection. (b) Illustration of the Lobby environment and camera positions to get the database images in

Fig. 10.
(©).

environments and the tolerance of our method to vary-
ing degrees of ground unevenness. Considering that ground
conditions generally differ between indoor and outdoor envi-
ronments, we select the Lobby dataset for indoor scenarios and
the Kaist dataset [50] collected from outdoor environments for
validation and analysis. Additionally, we carry out experiments
on the Kaist dataset to verify the system’s robustness in
positioning, with specific details provided in the Appendix-D.
Here, we focus primarily on the sensitivity analysis. The
experimental results are illustrated in the Fig. 13. The bar
charts display histograms of the differences in pitch, roll
angles, and y-direction translation between all queries and
their corresponding references in the Lobby and Kaist datasets,
respectively. These errors directly reflect the levelness of the
ground. The results show that the levelness of the ground
in indoor environments is significantly better than in outdoor
urban settings, which aligns with our expectations.

We categorize the datasets into different query sets based
on various error levels. The line charts in Fig. 13 represent
the success rates of different methods on these respective
query sets. Comparing the results from both datasets, it is
evident that the proposed 2plp method has lower tolerance to
ground unevenness. It achieves the best localization success
rate in scenarios with better ground levelness. However, its
performance significantly declines on uneven grounds due to
larger errors affecting both the essential matrix estimation
and triangulation. In contrast, the proposed 2p2p method is
less sensitive to ground levelness and maintains significant
performance on the Kaist dataset, which has larger ground
errors. This is consistent with our analysis in Sec. V. We also
use the Pearson coefficient to quantitatively assess the success
rate performance of the 8p8p and 2p2p methods. The Pearson
correlation coefficient is calculated as the covariance of the
two variables, adjusted for their means, divided by the product
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(a) Case 1 with outlier rate of 46%.
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(b) Case 2 with only 6 inliers.

Fig. 11. Comparison of identified inliers by different algorithms. The cor-
respondences between the query and reference images are indicated by lines.
The identified inliers that support the pose estimation by the corresponding
algorithm are highlighted in cyan. The estimation errors of different methods
are also indicated, with F marking a failure to localize.
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Fig. 12. Comparison of success rates on Lobby dataset.

of their standard deviations. In our analysis, the Pearson
coefficient values of 8p8p and 2p2p are 96.88%. Since 8p8p is
a 6DOF estimation method unaffected by ground unevenness,
the high correlation between 2p2p and 8p8p suggests that there
is no significant difference in the trend of the proposed method
compared to 8p8p as ground unevenness errors increase.

The aforementioned analysis offers guidance for the selec-
tion and combination of the two proposed minimal solutions in
practical applications. It is evident that their choice is closely
related to environmental characteristics. In environments with
good ground levelness, the more robust 2p1p method should be
preferred to ensure the highest localization success rate. In sce-
narios where the ground has varying degrees of unevenness,
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Fig. 13. The bar chart shows the histogram of errors on pitch, roll angles and
y-direction translation on whole session of Lobby dataset and Kaist dataest.
The line chart shows the success rate comparison in the corresponding query
set among different range of ground levelness.

the less sensitive 2p2p method is recommended. In practical
applications, the best combination can be implemented based
on the changing characteristics of the environment.

E. Discussion on Application Implications

While this paper introduces a complete localization sys-
tem based on local planar motion without the need for a
3D model, it’s important to note that the robust estimation
backend, based on proposed minimal solutions, can be flexibly
integrated with any feature matching front-end. This means
no changes of plugin in front-end are required in the existing
localization system to adopt the proposed minimal solutions to
achieve absolute localization with a 3D model. Additionally,
we wish to provide supplementary information on the system’s
real-time performance and accuracy trade-off. As detailed
in [39], the tilt-enhanced feature matching front-end signifi-
cantly improves localization performance by 67% with a 20%
increase in computational time. For environments with minor
perspective changes and rich textures, faster feature extraction
methods, such as SuperPoint [12], may be paired with our min-
imal solution-based backend. This approach facilitates faster
localization while maintaining accuracy. However, in environ-
ments with long-term dynamic changes, where localization
becomes significantly more challenging, we recommend using
the complete localization system proposed, accepting some
time cost to ensure better localization performance.

VII. CONCLUSION

In this paper, we propose a multiple checking-based 3D
model-free robust visual localization framework and provide
thorough validations through simulations and real-world exper-
iments to demonstrate its effectiveness. The key insight of our
approach is to utilize the local planar motion property both in
feature matching and pose estimation, which is well-suited for
general ground-moving robots. In addition, incorporating the
motion property into the triangulation stage further reduces the
minimal number of required features in pose estimation and
enhances the robustness of the proposed system. The exper-
iments reveal a significant improvement in the localization
success rate of the proposed system, particularly in challenging
localization scenarios. In the future, we plan to incorporate
the minimal solution into the back-end of an end-to-end
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learning-based visual localization pipeline and capitalize on
the robustness of pose estimation to improve feature extraction
in the front-end.

APPENDIX A
ASSUMPTION IN PLANAR MOTION PROPERTY

In Sec. III-A, there is a supposition regarding a coordinate
system with the y-axis oriented downwards. Note that the
coordinate system assumption aligns with the definitions in
general camera imaging models, similar to [51] and [52].
Additionally, the assumption can be easily satisfied by apply-
ing the appropriate rotation transformation to construct a
virtual camera coordinate system of which the image plane is
perpendicular to the ground. This includes two main scenarios:

(1) As illustrated in Fig. 14 (a), there exists an axis
in the given coordinate system (denoted as i) that aligns
with the direction of gravity, though it is not the y-axis.
In such cases, calculating the rotation matrix between these
two coordinate systems is straightforward. Therefore, a virtual
coordinate system, i’, with the y-axis pointing downwards can
be established, as shown in Fig. 14 (c). All feature points in
the coordinate system i can be transformed into the virtual
coordinate system i’ by applying the rotation matrix R;;.
Subsequently, the minimal solution proposed can be applied
to solve for the pose transformation between the virtual i" and
J' coordinate systems. Finally, by applying the corresponding
transformation matrix, the results can be re-expressed in the
original coordinate system.

(2) As shown in Fig. 14 (b), the coordinate system is
largely consistent with the assumptions in our paper, but due
to installation constraints or errors, the y-axis of the camera
coordinate system is not strictly vertical downwards. Then
the virtual coordinate system can be reached by rotating the
original camera coordinate system by certain angles around the
x and z axes, and the corresponding rotation angle (i.e. pitch
and roll) can be obtained from extrinsic calibration. Therefore,
the assumption that the y-axis is perpendicular to the ground
can be satisfied.

APPENDIX B
ACCURACY ANALYSIS IN POSE DECOMPOSITION

First, we perform an element-wise expansion of (27)
and (28).

uyp  up oup (10 Oflvie va vy
E=|uy wupn up||0 1 O0)fve v vn
ust uzx  up [0 0 Of|vis v vs
UV + Uiy U V21 + UV ULIV3] F UU32
= | u21v11 + U22V12 U1V21 + UV U21V31 + UV
U3Vl + Uz2V12 U31V21 + U3V U31V31 + UV |
(39)
uyp up uz (|0 =1 0f[vir v w3
R=|uy up us||l 0 O||vp vn vi|, 40)
up uz uszz [0 0 1][viz vz w33
Ry = —upvi +uivin + ui3vis. (41)

y
~.
View i X ¢
@ ~ z
| View i’ X
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) pitch

View i
y
(b)

Fig. 14. (a)-(b) The original camera coordinate system. (c) The rotated virtual
camera coordinate system.

Since we are not concerned with the specific subscript form of
each element in R, we expand just one element as an example
for further analysis.

According to [41] and [42], the error propagation formula
for addition and subtraction operations is as follows:

S(x} £ x3) = 8(x1) + 8(x2), (42)

where x| and xj represent the values with errors, §(x) rep-
resents the absolute error of variable . Then, considering
u.v, as a single entity with absolute error denoted as oy,
and comparing the absolute error transmission forms of each
element ¢;; in R and 7;; in R, we can deduce:

(43)
(44)

86,‘]‘ >~ 20,v,

Srij ~ 30',“).

Then relations in (29) can be concluded.

To analyze the specific form of Su, we expand o,,, here. The
error propagation formula for multiplication operations [41],
[42] is as follows:

S(xyxy) < Ix718(x2) + |x318(xy). (45)

Then we have

Oy =< |uléu + |v|éu < 28u,

(46)

as # and v are elements in orthogonal matrix. Note that this
represents a relatively loose upper bound. Substituting (46)
into (43), we obtain 46u < o. Therefore, we have Su,, =
0.250.

Similarly, let’s analyze the upper bound of the error for
C. The first column of C is 7, thus its error is the same as
that in (32). Let’s expand and analyze the second column of
C, expressed as —RR}7,. We use the symbol ¢ to represent
any arbitrary element in the matrix obtained from the mul-
tiplication of the two matrices on the right side. Since error
propagation is only relevant to arithmetic operations involving
variables with errors, in the following analysis, we will over-
look specific variable subscripts, merely focusing whether the
variable is related to r (rotation) or ¢ (translation) and the type
of arithmetic operation involved. Therefore, we can simply the
expanded form of ¢ as:

O = Fuily1 + Fealen + Fialys. 47
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Fig. 15.

Fig. 16. Some examples in Kaist outdoor dataset. The yellow lines are inliers
in feature matches.

TABLE IV
SUCCESS RATE COMPARISON ON KAIST DATASET
session Urban39
m 025/05/1.0
degree 10/107/20
8p8p 2.87/16.09 / 45.79

4.21716.86 / 44.44
3.26 /1 15.90 / 45.98
6.90 / 23.95 / 58.81
5.36 / 18.01 / 47.89

SpSp-nister

5p5p-stewenius
Tilt-2p2p (ours)
Tilt-2plp (ours)

And according to E = [t],R, ¢;; can also be expanded into
a form that is directly related to the components of R and 7,
as € = ryalss — I'vsi.s. Again considering o,, as a single
entity for error propagation analysis, we can derive §¢ < 1.50.
Then we can obtain the simplified expanded form of each
element in the second column of C as ¥ = —(ry 101 +r 203+
7‘*,303). And

8% < 3(rl8r + 10 180) < 3(1.50 +3 x 1.50) = 180. (48)

APPENDIX C
THRESHOLD SELECTION

During the execution of Rcheck and Consistency Check, two
parameter thresholds 7, and «;; need to be set. We conduct
parameter selection experiments to analyze the impact of
parameter choices on method performance, thereby deter-
mining the optimal parameters. These two parameters are
physically identical, both measuring the deviation angle
between two direction vectors. Therefore, we consider setting
these two parameters to the same value. Specifically, we select

outlier rate (%)

success rate (%)
w & @
8 8 3

~N
S

10

outlier rate (%)

Comparison in accuracy and robustness by selecting different thresholds.

three different thresholds 0.1, 2, 10 for analysis of difference in
localization accuracy and robustness. The experimental results
are shown in Fig. 15.

To simulate real data, we introduce 10 pixels of Gaussian
noise in 2D measurements. We also fix the total number of fea-
ture associations at 100 and gradually increase the proportion
of outliers to test robustness. It’s important to note that when
calculating estimation accuracy, we only consider the cases
where localization was successful. The results indicate that too
tight a threshold, like 0.1, leads to the rejection of some noisy
inliers, resulting in high accuracy but significantly reduced
robustness. Conversely, too loose a threshold, like 10, can
cause some outliers to be treated as inliers, thereby increasing
estimation error. Overall, a 2-degree threshold seems to offer
the best balance between accuracy and robustness.

APPENDIX D
EXPERIMENTS ON KAIST

We also validate the proposed system in the outdoor envi-
ronment using the public urban dataset Kaist [50]. The Kaist
dataset is collected with ground vehicles operating in highly
diverse urban areas. As can be seen from the scenes shown in
Fig. 16, the dataset is also consistent with the application of
the proposed system, since the motion of the vehicle is also
locally planar. Such a scenario is satisfied in most driverless
applications in urban environments. In the dataset, there are
two sequences, Urban38 and Urban39. The images in Urban38
sequence is used to form database and Urban39 is used to
test the localization performance. The success rate comparison
results are shown in Table. IV.

The experimental results demonstrate that the proposed sys-
tem significantly outperforms comparative methods. We also
observe that in this dataset, 2p2p clearly outperforms 2plp.
Integrating the results from both the Kaist and Lobby datasets,
it is evident that 2p2p has a higher tolerance to ground
levelness, hence its more pronounced advantage in the outdoor
Kaist dataset. This aspect is discussed in more detail in the
earlier sensitivity experiments. Overall, the proposed approach
is also applicable to autonomous driving applications operating
on local planar roads.
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