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ARTICLE INFO ABSTRACT

Keywords: Identifying multiple large and diversified cohesive subgraphs plays a crucial role in a wide range of real-world
Combinatorial optimization applications. The Simplified Diversified Top-k s-Plex (S-DTKSP) problem aims to identify k s-plexes that collec-
TOIl"k tively maximize vertex coverage, generalizing the classical maximum s-plex problem while significantly increas-
s-plex

ing computational complexity. However, existing algorithms often suffer from limited scalability or suboptimal
solution quality on large or dense graphs. To address these challenges, we propose an Evolutionary Search Algo-
rithm with Observer Individual (EA-OI) and its specialized instantiation for the S-DTKSP problem, termed EA-OIS.
Unlike traditional evolutionary algorithms, EA-OI introduces an observer individual that continuously monitors
the evolutionary process and selectively retains promising solution components, thereby mitigating premature
information loss and enabling a dual-mode search mechanism that balances exploration and exploitation. To fur-
ther enhance performance, two complementary initialization strategies — Tri-Tier Vertex Prioritization (TTVP)
and Dynamic Prioritized Weighted Selection (DPWS) — are designed to generate high-quality and diverse initial
solutions. In addition, the concept of Neighbor Coverage Density (NCD) is introduced, together with a two-layer
scoring function to guide solution updates during evolution. Extensive experiments on 139 benchmark graphs
comprising 2224 instances show that EA-OIS achieves new best-known results on 1284 instances and outper-
forms the state-of-the-art Iterated Local Search algorithm on 1557 instances, demonstrating its effectiveness and

Evolutionary search

robustness.

1. Introduction

Mining multiple large and diverse cohesive subgraphs is a funda-
mental yet challenging task in complex network analysis (Hastad, 1996;
Wolfe, 1997). In many practical scenarios, such as social network anal-
ysis (Balasundaram et al., 2011; Zhu et al., 2020), biological network
exploration (Etzion & Ostergard, 2002; Strickland et al., 2005), and rec-
ommendation systems (Boginski et al., 2006; Dorndorf et al., 2008), it
is often insufficient to identify only a single optimal subgraph; instead,
a set of high-quality subgraphs with broad vertex coverage is required
(Fan et al., 2013; Hao et al., 2020; Zou et al., 2010). Motivated by this
need, Wu et al. introduced the Simplified Diversified Top-k s-Plex (S-
DTKSP) problem (Wu et al., 2023; Wu & Yin, 2021), which aims to select
k s-plexes that collectively maximize vertex coverage. The s-plex model,
a well-known relaxation of the clique that tolerates missing edges, pro-
vides robustness to noise and incomplete data while retaining strong
cohesion properties (Chang & Yao, 2024).

The S-DTKSP problem generalizes the classical Maximum s-Plex
Problem (Gao et al., 2024; Pullan, 2021) by shifting the focus from

* Corresponding authors.

identifying a single largest s-plex to discovering multiple diversified s-
plexes. This generalization significantly increases computational com-
plexity (Dondi et al., 2021; Ghanbarpour et al., 2020; Xu et al., 2024).
In fact, S-DTKSP has been proven NP-hard (Wu et al., 2023), and a num-
ber of solution approaches have been proposed, which can be broadly
categorized into exact, approximation, and heuristic algorithms. Wu et
al. formulated an Integer Linear Programming (ILP) model (Adouani
et al., 2024) that is capable of producing optimal solutions on small-
scale graphs when solved using commercial solvers such as CPLEX (Wu
et al., 2023). However, due to the exponential growth of the search
space, exact methods quickly become infeasible as graph size increases.

To address scalability, several approximation algorithms have been
developed (Conte et al., 2017; Wu & Yin, 2021). Among them, EnumMax
and EnumFast are representative enumeration-based frameworks that
differ mainly in their s-plex retention strategies (Wu et al., 2023). Enum-
Max achieves a (1 — 1/e) approximation ratio by exhaustively enumerat-
ing candidate s-plexes, whereas EnumFast significantly reduces memory
consumption through an integrated enumertion-selection mechanism, at
the cost of a lower approximation ratio of 0.25.
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In the heuristic category, the Iterated Local Search (ILS) algorithm
(Hamza et al., 2023; Paquete & Stiitzle, 2018) currently represents the
state of the art. ILS employs multiple neighborhood update operators
together with tabu-based diversification strategies to effectively explore
the solution space (Wu et al., 2023). Despite their effectiveness, existing
algorithms — whether exact, approximation, or heuristic — often suffer
from limited scalability on large or dense graphs and frequently produce
suboptimal solutions in practice. These limitations motivate the devel-
opment of more efficient and robust algorithms for solving the S-DTKSP
problem.

In this paper, we propose an Evolutionary Search Algorithm with
Observer Individual (EA-OI), a novel and general heuristic framework,
together with its specialized instantiation for the S-DTKSP problem,
namely EA-OIS. Unlike traditional evolutionary algorithms, EA-OI intro-
duces an observer individual that does not directly participate in pop-
ulation operations but continuously monitors the evolutionary process.
By assimilating population updates and selectively retaining promising
solution components, the observer individual helps preserve valuable
search information and mitigates premature information loss. As a re-
sult, the final solution can be generated either from the evolving popula-
tion or from the observer itself, forming a dual-mode search mechanism
that effectively balances exploration and exploitation.

To further enhance the performance of EA-OIS, we design two
complementary initialization strategies: Tri-Tier Vertex Prioritization
(TTVP) and Dynamic Prioritized Weighted Selection (DPWS). TTVP cat-
egorizes vertices into three priority tiers based on historical solution
quality, thereby guiding the initialization process toward structurally
significant regions of the graph. DPWS adopts a power-law-based proba-
bility function to dynamically generate selection weights, ensuring both
high-quality initial individuals and sufficient population diversity.

For the solution update phase, we introduce the concept of Neigh-
bor Coverage Density (NCD), which quantifies the potential impact of
modifying a vertex on future solution expansion. Building upon NCD,
a two-layer scoring function is developed to evaluate and guide ver-
tex updates during the evolutionary process. We evaluate EA-OIS on
139 benchmark graphs comprising 2224 instances. Experimental results
demonstrate that the proposed algorithm achieves new best-known re-
sults in 1284 instances, outperforms the state-of-the-art ILS algorithm
in 1557 instances, and performs comparably in the remaining cases.

The remainder of this paper is structured as follows. Section 2 for-
mally defines the S-DTKSP problem and presents the necessary notation.
Section 3 introduces the EA-OI framework. Section 4 details the TTVP
and DPWS initialization strategies, while Section 5 elaborates on the
NCD-based scoring mechanism. Section 6 provides the complete algo-
rithmic workflow. Section 7 reports comparative and ablation experi-
ments, and Section 8 concludes the paper with future research direc-
tions.

2. Preliminaries

Let G = (V, E) be an undirected graph, where V = {v,,...,v,} de-
notes the vertex set and E = {e|, ..., ¢, } denotes the edge set. An undi-
rected edge between vertices u and v is represented by both (u,v) and
(v, u). Vertex u (resp. v) is said to be adjacent to or a neighbor of v (resp.
u). The set of neighbors of vertex v in G is denoted by Ny(v) ={u eV |
(u,v) € E}, and the degree of v is given by deg;(v) = |Ng(v)|. We use
N[v] to denote the closed neighborhood of v, i.e., N[v] = N(v) U {v}.
The maximum vertex degree in G is denoted by As.

For a vertex subset C C V, the subgraph of G induced by C is denoted
by GI[C] = (C,{(u,v) € E |u,v € C}). A subset C is called an s-plex if
every vertex in C is nonadjacent to at most s — 1 other vertices in G[C].
A vertex v € C is said to be saturated if | N(v) n C| = |C| — s. The set of
all saturated vertices in C is denoted by D(C) = {v|v € C,|N(v)nC| =
|C| — s}. For simplicity, we refer to an s-plex by its vertex set and omit
the subscript G when the context is clear. Given a collection of s-plexes
S ={C,,C,,... }, the coverage of .S, denoted cov(.S), is the set of vertices
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covered by S, i.e.,

co($)= | J €

C,es
Given an undirected graph G = (V, E), the S-DTKSP problem aims to
identify a set of k s-plexes S = {C|,C,, ..., C,} that maximizes the over-
all coverage |couv(S)|. The problem can be formulated as the following
Integer Linear Programming (ILP) model:

Maximize f(G,s,k) = Z Vi 1)
v;EV
subject to
X SG=Dxp+d(l=xy), Yy €V, 1<h<k (2
ujeV\N[u,-]
k
v < Z"ih’ Yo, €V 3
h=1
x;, €0,1, Vo, €V, 1<h<k (4
¥ €0,1, Vo eV ®

where binary variable x;;, indicates whether vertex v; belongs to the hth
s-plex (x;;, = 1 if true, 0 otherwise), and d; = |V \ N|v,]| represents the
degree of v; in the complement graph G = (V, E). Variable y, is a binary
indicator denoting whether vertex v; is covered by at least one s-plex
(y; = 1 if covered, 0 otherwise).

3. Evolutionary algorithm with an observer individual

Evolutionary Algorithms (EAs), as a class of metaheuristic optimiza-
tion techniques, have been widely employed to solve diverse and com-
plex optimization problems (He & Liu, 2025; Yue et al., 2025). In the
context of Top-k subgraph mining, Wu et al. proposed a hybrid EA to
address the diversified Top-k weighted clique problem (Wu et al., 2022),
while Xue et al. developed an EA integrated with a post-reduction strat-
egy to tackle the diversified Top-k clique problem (Xue et al., 2024).
Although these methods target different problem variants, they share a
common search paradigm: the exploration capability of the algorithm
is enhanced through population-based evolutionary operations, while
its exploitation capability is strengthened via local search refinement
applied to individual solutions.

Within this paradigm, the population consists of multiple individu-
als, each encoding a feasible solution (i.e., a set of k subgraphs). The
algorithm iteratively alternates between population evolution and local
search until termination, as illustrated in Fig. 1.

The local search component typically employs a subgraph replace-
ment strategy, in which a newly discovered subgraph attempts to replace
one within the current individual. However, two major limitations can
be observed:

¢ Lack of continuity - local search phase is interrupted by population
operations, disrupting the refinement process.

¢ Limited information sharing - subgraphs discovered during local
search are utilized solely to improve the current individual and are
not disseminated across the population.

These limitations restrict the algorithm’s capacity to fully exploit its
search potential and lead to the loss of valuable intermediate informa-
tion.

To overcome these drawbacks, we propose a novel EA framework
termed the Evolutionary Algorithm with an Observer Individual (EA-
OI). In addition to the standard population, EA-OI introduces an auxil-
iary observer individual with the following characteristics:

» It does not participate in any population operations such as selection,
crossover, or mutation.

o It receives every new subgraph generated during local search and
updates itself through a selective replacement mechanism.
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The search framework of EA-OI is illustrated in Fig. 2, where the
main EA continues along its conventional evolutionary trajectory while
each subgraph identified during local search is concurrently delivered
to the observer individual for potential incorporation.

Compared with the conventional EA framework, EA-OI offers the
following advantages:

¢ Continuous utilization of local search outcomes: every newly dis-
covered subgraph contributes to the observer individual, ensuring
uninterrupted accumulation of search information.

e Limited runtime overhead: the observer individual is inexpensive
to maintain, and it operates independently, without interfering with
population dynamics, while still benefiting from the search direc-
tion guided by the population. Its computational overhead is further
analyzed in Section 6.

Imprave

search framework.

This design allows EA-OI to preserve the exploration-exploitation bal-
ance of the original EA while the observer individual plays two comple-
mentary roles: it acts as a long-term memory that persistently retains
high-quality subgraphs across the entire search history without risk of
loss through population operations, and as an auxiliary intensification
path that accumulates the best components encountered by all popu-
lation individuals, often converging to a solution superior to any single
individual in the population. The final solution is selected as the best in-
dividual among the entire population and the observer. The pseudocode
of EA-OI is presented in Algorithm 1.

The EA-OI framework serves as a general-purpose evolutionary ar-
chitecture that can be adapted to various optimization problems tradi-
tionally solved using EAs. In Algorithm 1, we illustrate its application
to the Top-k subgraph problem. The core local search process (Lines
5-8) focuses on subgraph mining and individual updating, while other
components can be customized according to the problem characteris-
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Algorithm 1: Evolutionary algorithm with an observer indi-
vidual (EA-OI).
Input: undirected graph
Output: optimal solution found
1 Pop « initialize the population;
2 S, « initialize the observer individual;
3 while the cut-off conditions are not met do
S,..w < Population operation based on Pop;
while the cut-off conditions for local search are not met do
C < mine a new subgraph based on S,,,,;
update S,,,,, with C;
update .S, with C;

o N o U »

o

update Pop with S,,,,,;

10 return best solution among Pop U {S,}

tics. In particular, the generic EA-OI elements — the observer individ-
ual, selective replacement, and dual-mode output — are designed to
be problem-agnostic and are potentially transferable to other evolution-
ary frameworks. The S-DTKSP-specific elements (introduced below) —
TTVP’s degree-based tiers (relying on Lemmas 1-2), DPWS’s missing-
edge grouping, and the AddSet/SwapSet operators — require adapta-
tion for other subgraph models. The transferable elements — the NCD

two-layer scoring and DPWS weighting scheme — apply broadly to any
top-k subgraph problem with a vertex-coverage objective. This flexibil-
ity enables EA-OI to be efficiently extended and maintained for a wide
range of optimization tasks.

In the following sections, we present the proposed heuristic search
strategies for efficiently solving the S-DTKSP. These strategies are elabo-
rated from two key perspectives: individual initialization and individual
update.

4. Individual initialization

In the EA-OI framework, each individual represents a candidate solu-
tion (Fang et al., 2024; Sheng et al., 2024); therefore, the method used to
generate individuals plays a crucial role in determining the algorithm’s
overall performance. The generation of individuals can be divided into
two stages: individual initialization and individual update. This section
focuses on the initialization process, while the update procedure will
be discussed in the next section. Since each individual consists of k s-
plexes, initialization can be decomposed into k separate instances of
s-plex construction. To achieve effective initialization, we propose two
complementary strategies — Tri-Tier Vertex Prioritization (TTVP) and
Dynamic Prioritized Weighted Selection (DPWS) — to guide both the
initial vertex selection and the subsequent vertex expansion during s-
plex initialization.
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4.1. Tri-tier vertex prioritization

We first establish two lemmas that describe fundamental properties
of the s-plex structure:

Lemma 1. Given an undirected graph G = (V, E), for any vertex v €V,
the maximum size of an s-plex containing v cannot exceed degg(v) + s.

Proof. By the definition of an s-plex, each vertex can be nonadjacent to
at most s — 1 other vertices. For any s-plex C that includes vertex v,

degs(0)+5—14+1>|C| = |C| <degg(v)+s
O

Lemma 2. Given an undirected graph G = (V, E) and a s-plex C of G, for
a vertex sequence {v,,v,, ..., 0c|} where v; € C and degg(v;) < degg(v;)
for 1 <i< j<|C|, the following holds:

ICl < degg(v)) +s <degg(vy) +s < ..., < degg(vic)) + 5
The proof follows directly from Lemmal. Hence, the vertex with the
smallest degree in an s-plex largely determines the upper bound of the
s-plex size. Based on this insight, we categorize vertices according to
their degrees and assign them different selection priorities.
Specifically, we use the first constructed individual as a reference,
we identify the largest and smallest s-plexes, denoted C,,,, and C,, to
establish upper and lower degree bounds:

UB= |Cmax| —-s,LB= |Cmin| - S.

An intermediate threshold is defined as M B = |(UB + LB)/2]. Vertices
are then grouped into three categories according to their degrees:

e V;: Vertices with degree LB < degg;(v) < M B;
e V,: Vertices with degree M B < deg;(v) < UB,;
e V;: Vertices with degree deg;(v) > UB.

Vertices with higher degrees possess greater expansion potential and
are therefore more likely to be selected as initial vertices. Vertices with
degrees smaller than LB are excluded from consideration. For each cat-
egory, we define selection probabilities p,, p,, and p;, which are tuned
empirically (as described in Section 7).

Compared with traditional random or purely greedy initialization
methods, TTVP offers the following advantages:

1. Retention of greedy benefits — Vertices with higher degrees retain
a higher likelihood of selection.

2. Enhanced diversity — Vertices within each category are chosen
randomly with equal probability, promoting structural diversity.

3. Empirical reliability — The upper and lower bounds for catego-
rization are adaptively determined based on the characteristics of
the first individual.

4.2. Dynamic prioritized weighted selection

Once the initial vertices have been selected, the remaining vertices
of an s-plex are constructed through sequential expansion. The order in
which vertices are added critically influences the quality of the resulting
s-plex. Following the recommendation of Pullan (2021), we partition all
candidate vertices — those satisfying the addition constraints — into s
groups according to the number of edges they can still miss:

T, = {ve N(O) | [C\ N©)| = s —i, D(C) \ N(v) = §)

where C denotes the currently constructed s-plex and D(C) is the set of
saturated vertices in C. The index i satisfies | < i < s; a larger i indicates
higher extension potential. For example, when i = s, the vertices in T;
are adjacent to all vertices in C. Prioritizing high-i vertices offers two
benefits:

1. Such vertices are less likely to become saturated, as they still possess
a larger margin for missing edges.
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2. Their inclusion expands the future search space, allowing for greater
flexibility in subsequent vertex additions.

A native greedy policy that always chooses the highest-priority vertex
tends to cause premature convergence (Song & Zhang, 2024; Zheng
et al., 2025). To mitigate this, we propose the DPWS approach, which
combines a power-based weighting scheme with roulette-wheel selec-
tion.

Specifically, a weight function is assigned to each vertex group 7; as:

w(i) = i*

where « is a dynamic control parameter that evolves over time. Initially

set to «;,;,, the value of « decreases by "é"g’ every 18 s according to:

L Rinit
a = a;,;,; — (search_time + 18) X 20
The 18-s interval is designed to partition the total 360-s search bud-
get into 20 equal phases, providing a structured schedule for a adjust-
ment. The % decrement ensures that « decreases progressively from
@;,; to near zero over the course of the search, gradually shifting the
search mode from exploitation-dominant to exploration-dominant. The
selection probability for each set is then computed using roulette-wheel
sampling:

w(i)

I = o2
D)

This design yields two desirable characteristics:

e Vertices with higher remaining connectivity (larger i) are more likely
to be selected early in the search.

o As the search proceeds, probability differences between groups grad-
ually diminish, converging to uniform probabilities.

Consequently, DPWS promotes greedy exploitation in the early stages
and diversified exploration later on, achieving a balance between con-
vergence speed and solution diversity.

Algorithm 2: Dynamic prioritized weighted vertex selection
(DPWS).
Input: s-plex C, dynamic parameter a
Output: expanded vertex v
1 fori < 1tosdo
2 | T <0
3 foreach u € AddSet(C) do
4 m«—s—|C\ Nul;
5 L T, < T, U {u};

6 fori < 1tosdo
i«
I'G) « +
| 1O« g
8 T « select a vertex set according to I" function;

9 v « select a random vertex in T}
10 return v

~N

The pseudocode of the DPWS method is presented in Algorithm 2.
The algorithm first partitions vertices based on their admissible missing
edges (Lines 3-5), computes their selection probabilities (Lines 6-7), and
finally selects a vertex set according to these probabilities, returning a
randomly chosen vertex from the selected set.

5. Individual update

Before introducing the individual update mechanism, we first define
the concept of a private vertex set within an individual.
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Definition 1. Private Vertex Set. Given an individual S =
{C|.C,,...,C}, for each s-plex C; € .S, the private vertex set of C;, de-
noted priv(C;, S), is defined as the set of vertices that appear exclusively
in G, i.e.,

priv(C;, S) = C; \ cov(S \ C)).

Based on this definition, we employ a greedy replacement strategy
for individual updating. Specifically, for the current individual .S, the
algorithm first generates a new s-plex C’ using a tabu search procedure
and temporarily incorporates it into .S to form a pseudo-individual S’
containing k + 1 s-plexes:

S’ =Su{C'}.

Next, the algorithm removes the s-plex C” with the smallest private
vertex set, i.e.,

c"’ = argmingegr | priv(C, S7).

This step ensures that the updated individual maintains exactly k s-
plexes while preserving solution feasibility.

The key to this process lies in obtaining high-quality s-plexes via
tabu search (He et al., 2024; Zhong et al., 2025). In the work by Wu
et al. (2023), a solver for the maximum s-plex problem was directly em-
ployed to extract the largest possible s-plex. While this approach ensures
large s-plexes in terms of vertex count, it does not necessarily improve
the overall objective of the S-DTKSP, as it ignores the influence of the
existing s-plexes in the current individual. To better evaluate the contri-
bution of vertices during the s-plex improvement process, we propose
a Two-Layer Scoring Function Based on the Neighbor Coverage Density
(TLNCD), which allows the tabu search to dynamically assess vertex
importance based on both direct and neighborhood-level coverage in-
formation.

Definition 2. Vertex Coverage. Given an individual
S ={C,,C,,...,C,}, the vertex coverage of a vertex veV, de-
noted cuv(v,.S), is defined as the number of s-plexes in S that contain
v

cv(v,S)=|{C; e S :ve(}|

A smaller cu(v, S) value indicates that v appears less frequently
within §. When cu(v, S) =0, the vertex is uncovered, implying that
adding an s-plex containing v will directly increase the overall coverage
of S. Therefore, in the tabu search procedure, vertex coverage serves as
the primary evaluation criterion, and is defined as the first-layer scoring
function:

score;(v) = cv(v, S).

However, relying solely on score; is insufficient, since multiple ver-
tices may share identical coverage values. To address this limitation,
we introduce a second-layer scoring function based on neighbor cov-
erage density, which considers the coverage characteristics of adjacent
vertices.

Definition 3. Neighbor Coverage Density. Given an individual .S,
the neighbor coverage density of a vertex v € V, denoted ncu(v, S), is
defined as the average vertex coverage of its neighbors:

! Z cu(u, S)

,S) =
nev(v, S) degq(0) &2,

For isolated vertices with deg;(v) = 0, the NCD value is not used
in the search procedure, since such vertices do not participate in
neighborhood-based expansion. Accordingly, the second-layer scoring
function is defined as:

score,(v) = nev(v, S)

Here, score; and score, quantify, respectively, (1) the direct cover-
age frequency of a vertex and (2) the average coverage frequency of its

Expert Systems With Applications 328 (2026) 132943

neighbors. A smaller value of either score indicates a vertex with higher
potential to improve the overall coverage of the individual.

Based on the two-layer scoring mechanism, the vertex selection rule
during tabu search is defined as follows:

Vertex Selection Rule. When selecting a vertex to add to an s-plex
during tabu search, the vertex with the smallest score; is chosen. In
case of a tie, the vertex with the smallest score, is selected. If the tie
still persists, one vertex is selected uniformly at random from the tied
candidates.

This hierarchical evaluation ensures that vertex selection not only
promotes the inclusion of underrepresented vertices but also encour-
ages balanced neighborhood coverage, ultimately enhancing the diver-
sity and quality of the constructed s-plexes.

6. EA-OI for S-DTKSP problem

Section 3 introduced the general framework of the EA-OI algorithm,
which can be adapted to various optimization problems (Gao et al.,
2011; Lyu et al., 2022; Pachuau et al., 2023). For the S-DTKSP prob-
lem, we designed each component of the algorithm specifically for this
context, integrating the individual initialization and update strategies
presented in Sections 4 and 5. The resulting algorithm, denoted as EA-
OIS, is detailed in Algorithm 3.

Algorithm 3: EA-OIS algorithm.
Input: undirected graph G = (V, E), population size p,;_,,
cutoff-time maxtime, search depth maxstep, parameters k
and s
Output: best individual solution found S*
1 S* <@, Pop<@,S, <0
2 fori < 1top,, do

3 S; < 0

4 for j < 1to kdo

5 if i = 1 then

6 C « ConstructSplex(G, S;, s, model);
7 C « TabuSearch(G, S;, C);

8 [ Si(_SiU{C}! SOHSDU{C};

9 else

10 C < ConstructSplex(G, S;, s, mode2);
11 C « TabuSearch(G, S;, C);

12 S; « §;u{C}, S, « Updatelndividual(s,, C);
13 Pop < Pop U {S;};
14 S* « argmax |couv(S)|;

SE(S5*%,5;.5,}

15 while time < maxtime do

16 select S}, .S, randomly from Pop;

17 S < Crossover(Sy, S,);

18 for step < 0 to maxstep do

19 C « ConstructSplex(G, S,,,,,, s, mode2);
20 C « TabuSearch(G, S,,,,. C);

21 S, < Updatelndividual(S,,,,. C);

22 S, « Updatelndividual(S,, C);

23 S* « argmax |cou(S)|;

Se{S*.S oS}

24 Siin < argmin |cov(S)[;

SE(S51.52}
25 L Pop(—Pop\{Smin}U{Snew};

26 return S*

In Algorithm 3, each individual in the initial population is con-
structed by mining k s-plexes (Lines 1-14). During this phase, the initial
vertices of the s-plexes in the first individual are chosen randomly, while
for all subsequent individuals, vertex selection follows the TTVP method
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introduced in Section 4.1. The input flags model and mode2 distinguish
these two selection modes.

After initialization, tabu search is applied immediately to improve
each s-plex. The observer individual is initialized from the first com-
pleted individual (Line 8), which provides a feasible starting solution.
Afterwards, it is updated independently using newly generated sub-
graphs during the search (Line 12). The update mechanism follows the
strategy described in Section 5, where the s-plex with the smallest pri-
vate vertex set (priv) is replaced.

During the population search phase (Lines 15-25), the algorithm al-
ternates between crossover and update operations. In each iteration, two
individuals (S| and S,) are randomly selected as parents, and a new off-
spring S, is generated via a merge-and-delete crossover. Specifically,
the two parents are merged to form an intermediate solution .S’ con-
taining 2k s-plexes. Then, the k s-plexes with the smallest private vertex
sets are removed from .S’ to produce the offspring S,,,,. This offspring
is refined using tabu search and subsequently used to update both the
current individual and the observer individual (Lines 19-21). Finally,
the algorithm retains the best solution among all individuals in the pop-
ulation and the observer. Here, the outer loop is controlled by the global
cutoff time, whereas maxstep limits the number of local search iterations
applied to each current individual.

Algorithm 4: TabuSearch function.

Input: undirected graph G = (V, E), individual S, s-plex C
Output: improved s-plex C*

1 C* « C, tabu_list = @;

2 for step « 1 to 1000 do

3 if AddSet(C) # ¢ then
4 v « select a vertex from AddSet(C) by Vertex
Selection Rule;
5 C < CuU{v};
6 C* « C;
7 else if SwapSet(C) \ tabu_list # (J then
8 v « select a vertex from SwapSet(C) \ tabu_list by
Vertex Selection Rule;
9 u « the corresponding swap vertex of v in C;
10 C < CuU{v}\ {u};
11 add u into tabu_list with tabu tenure
10 + |SwapSet(C) \ tabu_list[;
12 else
13 L break;

14 return C*

The TabuSearch function aims to enhance the quality of each s-plex
through localized neighborhood exploration (Algorithm 4), which in-
cludes two basic operations:

¢ Add — directly inserts a new vertex into the current s-plex.
e Swap — replaces an existing vertex in the s-plex with one outside it.

The candidate sets AddSet and SwapSet are maintained dynamically
where:

AddSet(C) = {ve N(C) | INW)NC| 2 |C|+1-s5,D(C)\ N@) =#};
SwapSet(C)={ve NC) | INw)nC|>|C|-s, |D(C)\ N()| =1}
U{ve N(C) | INwNC|=I|C|=s, |D(C)\ N(v)| =0}.
Since the quality of a single s-plex does not solely determine the over-
all solution quality, the search depth is fixed as a moderate limit of 1000
iterations. At each iteration, the algorithm first attempts an add opera-
tion (Lines 2-6). If no vertex can be added, it performs a swap operation

(Lines 7-11). If neither is possible, the search terminates early. Vertices
added to the s-plex are unrestricted by tabu constraints, while vertices
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removed during swap operations are inserted into the tabu list with dy-
namically adjusted tenure 10 + |SwapSet(C) \ tabu_list|. This value com-
bines a fixed base of 10 with an adaptive component. The base value pre-
vents short-term cycling and is consistent with prior s-plex local search
practice (Pullan, 2021). The adaptive term scales tenure with the avail-
able swap space: a larger effective swap set allows a longer tenure with-
out over-restricting search, whereas a shrinking swap set triggers shorter
tenure to preserve flexibility. Moreover, if a swap move yields an s-plex
strictly larger than C*, the tabu restriction on the corresponding vertex
is overridden regardless of its tabu status.

Complexity Analysis. The computational cost of EA-OIS is mainly dom-
inated by the TabuSearch procedure. Let n = [V], let A; denote the
maximum degree of G, and let £ denote the maximum size of an s-
plex maintained during the search. By Lemma 1, £ < A; + s, indicat-
ing that the effect of s mainly enters through the size bound of the
maintained s-plexes. In each iteration of TabuSearch, the candidate sets
AddSet(C) and SwapSet(C) are maintained by scanning the candidate
neighborhood N(C), and the feasibility check for each candidate vertex
can be bounded by O(A). Therefore, one iteration of TabuSearch re-
quires O(|N(C)| - Ag) time, giving a worst-case bound of O(n - A;) since
|[N(C)| < n. In practical large-scale graphs, |[N(C)| is typically much
smaller than the full vertex set, so the observed runtime is substantially
better than this worst-case estimate. By contrast, Updatelndividual in-
serts a newly generated s-plex and removes the one with the smallest pri-
vate vertex set among the k + 1 candidates; the vertex coverage values
are maintained incrementally, and this procedure can be completed in
O(k?), equivalently O(k(Ag + s)). Overall, TabuSearch is the main com-
putational bottleneck, whereas Updatelndividual contributes a moder-
ate linear cost in k. Since the observer individual is maintained by the
same UpdateIndividual procedure and does not participate in selection
or crossovetr, it only introduces a minor overhead; empirically, observer-
related operations account for 2.26% of the total runtime on average,
measured across all 2224 instances.

7. Experimental evaluation

In this section, we first describe the benchmark instances used in our
experiments, the four state-of-the-art competitors for the S-DTKSP prob-
lem, and the experimental setup, then present extensive experiments to
evaluate the performance and robustness of our proposed EA-OIS algo-
rithm across diverse graph types. Finally, we conduct further analyses
to assess the individual contributions of the key components in EA-OIS,
examining their impact on solution quality, computational efficiency,
and stability.

7.1. The benchmark

For our experiments, we utilized 139 real-world graphs sourced from
the work of Wu et al. (2023), which were previously used to validate
algorithmic performance on the S-DTKSP problem. These graphs rep-
resent various network types, including biological networks, collabora-
tion networks, Facebook networks, interaction networks, infrastructure
networks, Amazon recommendation networks, scientific computation
networks, social networks, technological networks, and web networks.
Many of these graphs are large, containing over 1,000,000 vertices and
10,000,000 edges, posing significant challenges for the algorithms. For
each graph, we used the same problem parameter settings as in Wu
et al. (2023). Specifically, the parameter k took values from the set
{10,20,30,40}, and the parameter s took values from {2,3,4,5}. This
resulted in the generation of 139 x 4 x 4 = 2224 distinct instances of the
S-DTKSP problem for our experiments.

7.2. Experimental setup

We compare our EA-OIS algorithm against four existing algorithms
for solving the S-DTKSP problem, including: a linear integer program-
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Table 1

Parameters used in EA-OIS and their final values.

Parameters Description Range Final values

2 Probability of selecting ver- {0.00, 0.05, 0.10, 0.15} 0.10
tices from V,

P> Probability of selecting ver- {0.10, 0.15, 0.20, 0.25} 0.20
tices from V,

D3 Probability of selecting ver- 1-—p, —p, 0.70
tices from V3

Wit Initial exponent coefficient {3,5,7,9} 5

Dyize Population size {5, 10, 15, 20} 10

ming algorithm Cplex (using the formulations in equations (1)-(5)), two
approximation algorithms EnumFast and EnumMazx, and a local search
algorithm ILS (Wu et al., 2023). Recent population-based methods for
diversified Top-k clique-related problems also indicate the promise of
evolutionary search for diversified subgraph optimization (Wu et al.,
2022; Xue et al., 2024; Zheng et al., 2024). Since these methods are de-
veloped for clique-based structures, their direct adaptation to S-DTKSP
is nontrivial; therefore, the present comparison focuses on algorithms
specifically designed for S-DTKSP.

Among these, ILS dominates in performance across the majority of
test cases. For the comparison, Cplex is implemented using the com-
mercial solver CPLEX (version 22.1.1), while EnumFast, EnumMayx, ILS,
and our proposed EA-OIS are implemented in C+ + and compiled with
g+ + using the -O3 optimization flag. All experiments were run on a
Centos 7.9 operation system on a server equipped with dual AMD EPYC
9654 processors (2.40 GHz, 192 cores) and 755 GB of DDR5-4800 mem-
ory. The parameter setting for the comparison algorithms were consis-
tent with the original papers. Cplex, EnumFast, and EnumMax are de-
terministic algorithms and do not rely on random seeds. Each of these
algorithms is executed once per instance, with a cutoff time of 3600 s.
In contrast, ILS and EA-OIS are heuristic algorithms whose performance
depends on random seeds. For these two algorithms, each instance is
solved 10 times independently with random seeds from 1 to 10, and
each run is limited to 360 s. This protocol ensures a fair total computa-
tion budget.

Our EA-OIS algorithm has five critical parameters: the selection
probabilities p,, p,, and p; for the vertex sets in the TTVP strategy; the
initial exponent coefficient «;,;, for the DPWS strategy; the population
size p,;,.. The value of p; is computed as 1 — p; — p,. For the remain-
ing parameters, we use the automatic tuning tool irace (Lopez-Ibanez
et al., 2016) to optimize them. Specifically, 10% of the 2224 instances
(i.e., 222 instances) were randomly selected as the test set, and a total of
20,000 runs were performed, with each run limited to 360 s. The final
results from irace are shown in Table 1. A detailed sensitivity analysis
is provided in Section 7.5.

7.3. Comparisons with existing algorithms for the S-DTKSP

7.3.1. Summarizing the comparative results

Table 2 summarizes the performance of all algorithms on 139 graphs.
The values reported in the table indicate the number of instances (out of
139) for which a given algorithm achieves the best solution, while the
values in parentheses denote the number of instances where the algo-
rithm obtains a solution that is strictly better than those produced by all
other algorithms. It can be observed that, for every combination of the
problem parameters (s, k), the proposed EA-OIS algorithm demonstrates
stable and highly efficient performance. Under the shared experimen-
tal environment described above, EA-OIS achieves strictly better sbest
values than all competing algorithms on 1284 instances — referred to
hereafter as new best-known results under these controlled conditions
— and matches or exceeds all competitors on 2203 of 2224 instances in
total.

When the problem parameters s and k are relatively small, the com-
peting algorithms are also able to deliver satisfactory performance. In
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Table 2

Summary of comparison between EA-OIS and its competitors.
s k Cplex EnumFast EnumMax ILS EA-OIS
2 10 8(1) 14(0) 32(0) 93(1) 137(36)
2 20 4(0) 15(1) 26(0) 78(1) 137(53)
2 30 6(0) 15(0) 24(0) 67(1) 138(63)
2 40 6(0) 15(0) 22(0) 55(0) 139(75)
3 10 7(0) 1(0) 7(0) 72(0) 139(63)
3 20 6(0) 2(0) 4(0) 55(0) 139(80)
3 30 6(0) 3(0) 4(0) 41(1) 138(94)
3 40 7(0) 4(0) 4(0) 36(2) 137(98)
4 10 8(2) 0(0) 3(0) 73(1) 136(63)
4 20 7(1) 2(0) 2(0) 51(1) 137(85)
4 30 7(0) 2(0) 2(0) 45(1) 138(92)
4 40 7(0) 4(0) 2(0) 39(1) 138(98)
5 10 7(0) 0(0) 3D 52(1) 137(84)
5 20 7(0) 3(0) 4(0) 42(1) 138(96)
5 30 91) 4(0) 4(0) 37(1) 137(100)
5 40 8(0) 6(0) 3(0) 34(1) 138(104)

particular, the ILS algorithm attains the best solutions for most instances
under these settings. However, as the problem parameters increase and
the problem difficulty becomes more challenging, the performance of
ILS degrades significantly. The remaining algorithms, such as Cplex as
well as EnumFast and EnumMazx, are constrained by their respective so-
lution strategies and are able to achieve the best results only on a very
limited number of instances.

7.3.2. Experimental results on 48 representative graphs

Among the 139 graphs, 48 representative graphs were selected, and
the detailed solution results obtained by all algorithms are presented in
Tables 3-6. The selection criterion was based on the solvability of the
instances by the Cplex solver — that is, only graphs for which Cplex
successfully produced solutions under at least one combination of pa-
rameters s and k were included (Wu et al., 2023).

Given the similarity between the EnumFast and EnumMax algo-
rithms, and the fact that both exhibit competitive performance in only
a small number of cases, we report the superior of the two under the
unified label “Enum” for conciseness. For both Cplex and Enum, the ob-
tained solutions are denoted as “sol”. Since ILS and EA-OIS are stochastic
heuristics, each instance was independently executed 10 times with dis-
tinct random seeds. For these two algorithms, the best solution among
the 10 runs is denoted as “sbest”, the average solution value is denoted
by “savg”, and the average computational time required to obtain the
best solution is denoted by “favg”. Instance where an algorithm failed
to produce any feasible solution within the cutoff time are marked with

The proposed EA-OIS algorithm achieves the best performance on al-
most all instances, with only a few exceptions. Specifically, when s = 2
and k = 10, Cplex obtains the best solution on web-polblogs, and when
k =20, the Enum algorithm achieves the best solution on rt-retweet.
When s =4 and k = 10, Cplex produces the best solution on ia-infect-
hyper and scc_fb-forum, and when k = 20, Cplex again achieves the best
solution on rt-retweet. In addition, when s = 5 and k = 30, Cplex obtains
the best solution on scc_fb-forum. On the other small instances where
Cplex can verify optimal or near-optimal solutions, EA-OIS achieves
competitive results, while its main advantage becomes more evident on
larger and harder instances where exact methods are no longer practical.
When comparing the two heuristic algorithms, ILS and EA-OIS, it can
be observed that EA-OIS significantly outperforms ILS in terms of both
the best solution value and the average solution value. Even for those
instances where both algorithms achieve identical solution quality (i.e.,
the same sbest and savg), EA-OIS still requires less computational time.

Fig. 3 further presents a detailed comparison of the runtime between
EA-OIS and the competing algorithms. Each point in the figure corre-
sponds to one graph instance for which the two algorithms obtain the
same solution quality. It can be clearly seen that EA-OIS requires sub-
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Fig. 4. Critical difference plot for s = 2.
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Fig. 5. Critical difference plot for s = 3.

stantially less computational time than the competing algorithms on the
vast majority of instances.

A closer examination of the results reveals that EA-OIS’s advantages
are most pronounced under three conditions. First, on large and dense
graphs (e.g., scc_fb-messages, scc_reality), ILS frequently stagnates due to
limited diversification, whereas the observer individual in EA-OIS con-
tinuously accumulates promising subgraphs across the entire search,
mitigating premature convergence. Second, the performance gap widens
as s and k increase: larger parameter values expand the solution space
significantly, amplifying the benefit of EA-OIS’s dual-mode search. For
instance, under s = 5, k = 40, EA-OIS establishes new best-known results
on over 104 out of 139 graphs (Table 2). Third, on structurally irregular
sparse graphs (e.g., inf power, tech_routers_rf), TTVP’s degree-based ver-
tex prioritization provides a more effective initialization than random or
purely greedy methods. By contrast, on small or near-complete graphs
(e.g., soc_karate), all algorithms readily reach the global optimum, leav-
ing little room for differentiation.

7.3.3. Critical difference analysis

We evaluate the statistical differences among all algorithms using
a two-stage non-parametric procedure. The ranked metric is the best
solution value (sbest) obtained per instance. Each test unit is one in-
stance, defined as a unique triple (graph, k, s); for ILS and EA-OIS the
best result over 10 independent runs is used, while Cplex, EnumFast,
and EnumMax contribute their single deterministic result. This yields
556 test units per value of s (139 graphs x 4 values of k). A Friedman
test (Friedman, 1937) is first applied with the null hypothesis that all
five algorithms perform equivalently in terms of average rank. The null
hypothesis is rejected in all four cases (s = 2, 3,4, 5) at significance level
a = 0.05, justifying pairwise post-hoc analysis. All pairwise comparisons
are then performed using the Nemenyi post-hoc test (Garcia & Herrera,
2008), whose results are presented as critical difference (CD) diagrams
in Figs. 4-7. In each diagram, the horizontal axis shows average ranks
(lower is better); two algorithms are connected by a bar if and only if
their rank difference does not exceed the critical difference threshold,
i.e., they are not significantly different at « = 0.05. In all four diagrams,
EA-OIS achieves the lowest average rank and is not connected to any
competitor, confirming that EA-OIS is statistically superior to all base-
lines across every value of s.

7.4. Ablation study

The EA-OIS algorithm integrates four novel strategies, namely the
Evolutionary Algorithm with an Observer Individual, Tri-Tier Vertex
Prioritization, Dynamic Prioritized Weighted Selection, and Two-Layer
Scoring Function Based on Neighbor Coverage Density. To evaluate the
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Fig. 6. Critical difference plot for s = 4.
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Fig. 7. Critical difference plot for s = 5.

contribution of each strategy, we performed an ablation study by succes-
sively removing one component from EA-OIS, resulting in five variants:
EA-OIS1 through EA-OIS5. The configurations are described as follows:

¢ EA-OIS1: Removes the observer individual, adopting only the con-
ventional evolutionary framework.

¢ EA-OIS2: Removes population maintenance and retains only the ob-
server individual, thereby maintaining a single solution throughout
the search. This variant is structurally analogous to a single-solution
iterative search.

¢ EA-OIS3: Replaces the Tri-Tier Vertex Prioritization strategy with
random vertex initialization.

o EA-OIS4: Replaces the Dynamic Prioritized Weighted Selection with
random vertex selection.

¢ EA-OIS5: Replaces the Two-Layer Scoring Based on Neighbor Cov-
erage Density with the scoring mechanism from the ILS algorithm.

To provide a more informative understanding of the contribution
of each component, we complement the win/lose statistics in Table 7
with average degradation analysis and scale-aware evaluation. Specifi-
cally, Table 7 reports, for each EA-OIS variant, the numbers of instances
on which EA-OIS performs better or worse than that variant in terms
of both the best solution value (sbest) and the average solution value
(savg). While these counts reflect the frequency of superiority, they do
not quantify the magnitude of performance differences. Therefore, Ta-
ble 8 further reports the average relative performance loss (ARPL) of
each variant with respect to EA-OIS over all 2224 instances, computed
based on savg as follows:

SaUgEA-OIS(l-) _ savgvariam(i)
saUgEA'OIS(i)

ARPL = Z

x 100%
1Tl i

where 7 denotes the set of all test instances. The component-wise anal-
ysis is presented below.

Dual-mode framework (EA-OIS1 and EA-OIS2). Removing the ob-
server individual (EA-OIS1) or reducing the algorithm to an observer-
only single-solution search (EA-OIS2) leads to consistent performance
degradation, with overall ARPL values of 0.2526% and 0.2041%, re-
spectively. For both variants, the loss is much more pronounced on large
graphs (0.6550% and 0.5723%) than on small or medium graphs, indi-
cating that the collaboration between the evolving population and the
observer becomes increasingly important as graph scale grows.

Initialization strategies (EA-OIS3 and EA-OIS4). Replacing TTVP
with random initialization (EA-OIS3) yields an overall ARPL of
0.3266%, while replacing DPWS with uniform random selection (EA-
0OIS4) causes the largest relative degradation among all ablated variants,
with an ARPL of 0.4422%. Their impact is especially evident on large
graphs, where the ARPL rises to 0.9340% for EA-OIS3 and 1.1277% for
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Table 7
Comparison of EA-OIS variants.

EA-OIS(vs.) EA-OIS1  EA-OIS2 EA-OIS3 EA-OIS4 EA-OIS5
sbest savg sbest savg sbest savg sbest savg sbest savg

#win 467 743 432 632 443 698 712 719 481 680
#lose 57 92 78 156 62 88 30 140 78 158
Table 8

ARPL values averaged over all instances within each category. Graph scale:
small [V| < 1,000; medium 1,000 < |V| < 100,000; large [V'| > 100, 000.

Variant ARPL(%) ARPL-Small graphs(%) ARPL-Medium ARPL-Large
graphs(%) graphs(%)
EA-OIS1 0.2526 0.0669 0.0804 0.6550
EA-OIS2 0.2041  0.0098 0.0512 0.5723
EA-OIS3 0.3266 0.0152 0.0724 0.9340
EA-OIS4 0.4422 -0.0089 0.1736 1.1277
EA-OIS5 0.3023  0.0253 0.1772 0.6455

EA-OIS4, showing that both initialization quality and priority-aware ex-
pansion are crucial for large-scale instances.

Scoring function (EA-OIS5). Replacing the proposed TLNCD-based
two-layer scoring mechanism with the ILS scoring rule (EA-OIS5) re-
sults in an overall ARPL of 0.3023%, with positive degradation across
small, medium, and large graphs. This suggests that TLNCD consistently
improves the search process, particularly when candidate vertices need
to be distinguished using both direct coverage and neighborhood-level
information.
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7.5. Parameter sensitivity analysis

Fig. 8 presents the sensitivity of EA-OIS to its key parameters. All
results are averaged over 10 independent runs with s = 3, k = 20 on rep-
resentative instances spanning sparse and dense graph topologies. As
shown in Fig. 8(a), solution quality remains stable across most combi-
nations of p; and p,, with the setting p; = 0.10, p, = 0.20 consistently de-
livering competitive performance. Fig. 8(b) shows that a;,;, = 5 achieves
the best balance between exploitation and exploration: smaller values
reduce the priority differentiation among vertex tiers, while larger val-
ues lead to overly greedy selection and diminished population diver-
sity. Fig. 8(c) indicates that p,;,, = 10 provides a good trade-off between
crossover diversity and computational efficiency — smaller populations
limit the quality of crossover materials, while larger ones dilute the
search budget within the fixed time limit. Overall, the normalized solu-
tion quality remains above 0.992 across all tested configurations, con-
firming that EA-OIS is robust to parameter variation.

8. Conclusion and future work

This work introduced EA-OIS, a novel evolutionary algorithm tai-
lored for the S-DTKSP problem. By incorporating an observer individ-
ual, EA-OIS consistently improves search depth and robustness. In con-
junction with a Tri-Tier Vertex Prioritization strategy, a Dynamic Prior-
itized Weighted Selection strategy, and a Two-Layer Scoring Based on
Neighbor Coverage Density strategy, the proposed algorithm effectively
maintains a balance between exploration and exploitation throughout
the search process. Comprehensive experimental evaluations on diverse
benchmarks verify the effectiveness and stability of EA-OIS. The results
demonstrate its capability to consistently yield high-quality and diver-
sified solutions.
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Future research will focus on integrating advanced population diver-
sity preservation mechanisms, adaptive learning-driven search control,
and hybrid strategies combining EA-OIS with problem-specific heuris-
tics. These enhancements aim to further improve scalability, conver-
gence efficiency, and solution diversity, particularly for highly complex
network instances.
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